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A B S T R A C T

Dams are pervasive features of the world’s river systems. The reservoir associated with the dam modifies the 
distribution of the hydraulic head in the aquifer and the natural groundwater flow. However, such modifications 
must be defined to forecast their environmental, economic and/or social impacts. Based on the method of 
fundamental solutions (MFS), steady-state semi-analytical solutions are proposed for evaluating the long-term 
spatial distribution of the rise or decline of the hydraulic head in an aquifer caused by a dam reservoir on a 
watercourse or its removal. MFS was chosen because of its ability to account for different boundary conditions 
along the banks of the watercourse. The dam reservoir can have a triangular or rectilinear geometry. The aquifer 
is assumed unconfined, homogeneous, inclined and finite. The solutions take into account both the reservoir- 
aquifer interaction and those between the stream and the aquifer up- and downstream of the reservoir. The 
reservoir-stream system fully penetrates the aquifer, and is separated from the aquifer by semi-pervious banks 
(Robin condition). Analysis of the semi-analytical solution included sensitivity tests, and assessment of the in-
fluence of several parameters: reservoir leakance parameter, width of the reservoir and width of the aquifer. The 
results show that the reservoir and river leakage parameters up- and downstream of the reservoir, as well as the 
geometry of the reservoir dam, are the main determining parameters of the extent of the induced groundwater 
mound. They show that low aquifer-river exchanges in the river upstream and downstream of the reservoir 
increases the spatial extension of the mound. The degree of error introduced by the method of linearization used 
to solve the governing partial differential equation is also discussed. A solution has been also developed with a 
pumping well, particularly to assess what the depletion of the water level at the well location might be if the dam 
is removed. The proposed solutions were applied at two field sites, giving satisfactory results.

These semi-analytical solutions will be useful applications for assessing the long-term spatial impact on the 
aquifer of the emplacement, removal or leveling of a reservoir dam.

1. Introduction

Dams are pervasive features of the world’s river systems. The most 
recent edition of the World Register of Dams of ICOLD (2023) contains 
information on 51,325 large dams (higher than 15 m). Worldwide ref-
erences on smaller dams are scarce, U.S. (USACE, 2008) referenced 2.5 
million small dams (less than 1.8 m high) and 80,000 medium dams 
(over 1.8 m high), in Europe (without Russia), the European Rivers 
Network estimates the number of smaller dams (less than 15 m height) 
to hundreds of thousands. Worldwide, Lehner et al. (2011) estimate that 
smaller dams (<15 m) may be more than 16 million.

Dams provide flood control, hydroelectric power, reliable reservoirs 

for surface water supply, recreational activities, etc., but nowadays there 
is an increasing interest for dam removal. Such interest is motivated by 
adverse ecological and social impacts, safety conditions associated with 
aging dams to prevent dam failure, and appreciation for societal values 
linked to healthy rivers and fisheries (e.g. World Commission on Dams, 
2000; Pejchar and Warner, 2001; Bednarek, 2001; Johnson and Graber, 
2002; Collins et al., 2007; Graf, 2005). Thus, removal of dams is often 
considered as a mean of restoring natural streamflow and sediment 
transport, resulting in improved riparian corridors, fishery habitats, 
sports fishing, recreational rafting, and reappearance of a more pastoral 
and riparian vegetation setting. However, dam removal may have short- 
term negative ecological impacts due to the increase of sediment load, 
which may cause suffocation and abrasion to various biota and habitats, 
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the release of contaminated sediments or the potential generation of 
downstream flooding (Bednarek, 2001; Roberts et al., 2006).

Although predicting impacts of the implementation or removal of 
dams has historically attracted the interest of researchers for several 
decades in various fields: i) flow regime of rivers, ii) ecosystems, iii) 
sediment transport, iv) geomorphic processes, v) nutrient dynamics, vi) 
riparian vegetation, vii) economic and viii) social impacts (e.g. Thomas, 
1976; Baxter, 1977; Williams and Wolman, 1984; Shuman, 1995; Collier 
and Webb, 1996; Beyer, 2005; Hart and Poff, 2002; Poff and Hart, 2002; 
Pizzuto, 2002; Stanley and Doyle, 2002; Shafroth et al., 2002; Whitelaw 
and MacMullan, 2002; Johnson and Graber, 2002; Wyrick et al., 2009; 
Capart, 2013), little attention has been paid to their impact on 
groundwater (Farinacci, 2009; Berthelote, 2013; Servière, 2021; Li 
et al., 2023).

The reservoir associated with the dam usually creates a groundwater 
mounding (Fig. 1), which can extent several kilometres up- and down-
stream of the reservoir (Berthelote, 2013). Consequently, the removal of 
the dam can deplete groundwater level, reduce the productivity of tube 
wells or dry them up, or dry up wetlands (USDA, 2010; Berthelote, 2013; 
Learn, 2011 [popular newspaper]). The influence of dam reservoirs on 
groundwater and on surface − groundwater interactions were evaluated 
using field observations and numerical modelling for quantifying fluxes 
responses, the transport of contaminants or the effects of dam on salt-
water intrusion (Girard et al., 2003; Constantz and Essaid, 2007 Ashraf 
et al., 2007; Berthelote, 2013; Chang et al., 2019; Åberg et al., 2022; 
Fang et al., 2022; Li et al., 2023). However, such studies require a large 
number of field observations, which are not available in most places. 
Therefore, in these cases, a simpler approach is needed to model changes 
in groundwater levels due to dam removal, which can be based on 

analytical solutions.
The impact of fluctuations in the water level of a river, a lake or a sea 

on groundwater level is a well-known theoretical problem. Its mathe-
matical formulation leads to a set of differential equations for which 
analytical solutions can be found in various textbooks and other works 

List of symbols

a water depth in the upstream part of the reservoir at x = − R, 
in m

b water depth downstream of the reservoir at the dam 
location (at x = R), in m

bdw′ thickness of the semi-pervious layer between the stream 
and the aquifer downstream of the reservoir, in m

bR′ thickness of the semi-pervious layer between the reservoir 
and the aquifer, in m

bup′ thickness of the semi-pervious layer between the stream 
and the aquifer upstream of the reservoir, in m

c_av water depth in the stream, in m
D saturated thickness of the aquifer, in m
D0 saturated thickness of the aquifer without watercourse 

(stream or reservoir), in m
d′ distance of image wells to the stream and reservoir banks, 

in m
ex exponential function
h hydraulic head, in m
h0 the hydraulic head in the watercourse, in m
i hydraulic gradient, i = tanθ, dimensionless
K hydraulic conductivity of the aquifer, in m/s
K0(u) modified Bessel function of the second kind of the zero 

order
K1(u) modified Bessel function of the second kind of the first 

order
kdw′ hydraulic conductivity of the semi-pervious layer between 

the stream and the aquifer dowstream of the reservoir, in m/s
kR′ hydraulic conductivity of the semi-pervious layer between 

the reservoir and the aquifer, in m/s
kup′ hydraulic conductivity of the semi-pervious layer between 

the stream and the aquifer upstream of the reservoir, in m/s
L width of the aquifer, in m
LR length of the reservoir along the y-axis, in m
n number of image wells
P distance, P = 20⋅R, in m
Qp pumping (or injecting) rate, in m3/s
r radius, r =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√
, in m

R half-length of the reservoir along the x-axis, in m
Rj,1, Rj,2 distances to the image wells, in m
Rr reservoir leakance parameter (retardation coefficient), 

Rr = K
kR

b́R ,́ in m
Rr up stream leakance parameter (retardation coefficient) 

upstream of the reservoir, Rrup = K
kup

b́uṕ , in m
Rr dw reservoir-stream leakance parameter (retardation 

coefficient) downstream of the reservoir, Rrdw = K
kdw

b́dẃ , in m
s0 water height in the watercourse (stream or reservoir), in m
s variation of the aquifer saturated thickness, s = D-D0, in m
x, y coordinates of a Cartesian system, in m
xj, yj coordinates of image wells, in m
xw, yw coordinates of the well pumping (or injecting) well, in m
α parameter, α = i/(2D0)

β degree of saturation, dimensionless
γj strength coefficient of the jth image well, m3/s
γ̃j strength coefficient of the jth image well, m
φ angle between the normal to the limit watercourse-aquifer 

and the x-axis, in radian
θ dip angle of the impermeable basement, in radian
σ distance between image wells, in m
ϑ angle of the diagonal of the reservoir makes with the x-axis 

(tanϑ = LR/2R), in radian
Δε incremental spacing, in m

Fig. 1. Conceptual model of the theoretical examples presented for reservoir- 
induced groundwater mound created by a dam along a river.
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(Carslaw and Jaeger, 1959; Polubarinova-Kochina, 1962, 1977, Pinder 
et al., 1964; de Marsily, 1986; Barlow and Moench, 1998; Bruggeman, 
1999; Hayek, 2019; Xin et al., 2020; Nikoletos and Katsifarakis, 2024, 
etc.). Although solutions are given for a variety of hydrogeological sit-
uations: infinite to channelized aquifers, stream of infinite length, iso-
lated rectangular ponds, partially clogged streambed, etc., no analytical 
solution has been proposed to evaluate the distribution of the hydraulic 
head induced by a reservoir created by a dam, or its changes because of 
its removal. To bear a maximum of resemblance to field systems, such a 
solution must take into account both the reservoir-aquifer interaction 
and those between the stream and the aquifer up- and downstream of the 
reservoir, and that groundwater –surface water exchanges are not 
necessarily perfect and the same in the reservoir and in the stream. In 
addition, for a closer link with the real conditions, the solution must also 
consider that the height of the water level in the reservoir can vary 
spatially. This is the subject of this study.

This study seeks steady-state semi-analytical solutions based on the 
method of fundamental solutions (MFS), for computing hydraulic-head 
disturbance created by a watercourse including a triangular reservoir 
of finite-size. MFS is used in the field of physical and engineering 
problems to overcome the difficulty of finding an analytical solution in 
complex systems (Chaiyo et al. 2011, Young et al., 2006). It is a meshless 
method based on the fundamental solutions of governing equations 
(Kupradze and Aleksidze 1964, Golberg, 1995), which gives it true ad-
vantages over conventional models (no model to build, no mesh gen-
eration, no discretization of physical boundaries), and allows, among 
other things, to consider various boundary conditions along the same 
discontinuity. Its basic concept is to decompose the solutions of a partial 
differential equation by superposition of the fundamental solution with 
proper strengths, depending upon the location of boundary conditions 
and their types. It assumes that a linear combination of the strengthened 
appropriate fundamental solution approximates the unknown solution 
sought. The accuracy of the method depends only on the distances be-
tween pairs of points where the fundamental solution is applied. In 
groundwater hydraulics, but not only, fundamental solutions are typi-
cally line-sink or point-source solutions. In the field of groundwater 
hydraulics, MFS has been rarely used (Wang and Zheng 2015). Kuo 
(1990), Yeung and Chakrabarty (1993) and Kuo et al. (1994) used this 
technique to compute drawdown caused by wells pumping inside 
irregularly shaped aquifers, and Huang and Yeh (2015) for estimating 
flux filtration on a meandering stream caused by pumping wells. 
Recently, this technique has been used to model the hydraulic-head 
disturbance created by underground dams (Dewandel et al., 2023).

In the present study, MFS is used to solve the problem of surface–-
groundwater flow interaction, and is particularly interesting to take into 
account variable groundwater-river exchanges along the reservoir and 
stream banks up- and downstream the reservoir. The aim of this work is 
to develop steady-state semi-analytical solutions for assessing the two- 
dimensional groundwater hydraulic head induced by a stream- 
reservoir system fully penetrating a semi-infinite sloping aquifer 
(Fig. 1). The solutions takes into account that water infiltrates from the 
reservoir to the aquifer and that a certain amount of this infiltrated 
water can return to the river. The solution also considers that the sur-
face–groundwater exchanges, i.e. between the reservoir and the aquifer, 
and between the stream and the aquifer, are not necessarily perfect, and 
that the water height in the reservoir varies spatially. The solution is 
used to assess the influence of reservoir-aquifer exchanges (reservoir 
leakance parameter), the width of the reservoir (i.e. of the dam), and the 
width of the aquifer. Theoretical formulation is also given in case of a 
pumping/injecting well near the reservoir, to examine the behaviour of 
composite devices (Fig. 1). Analytical results are applied to two field 
examples, one from the literature (Berthelote, 2013) and the other from 
the Massillargues-Attuech site (France, Frissant and Ladouche, 2022). A 
numerical analysis of the method used, including sensitivity tests and 
spatial variation of strength coefficients, is shown. The degree of error 
introduced by the method of linearization used to solve the governing 

partial differential equation (first method of linearization or h-lineari-
zation) is also discussed.

The proposed semi-analytical solutions can be implemented as 
operational tools for engineers assessing the impact on groundwater 
levels due to the implementation or removal of dams on rivers. Although 
these solutions cannot represent reservoir-aquifer and stream-aquifer 
interactions to the same degree of detail as a numerical model, they 
can be a useful tool for examining the influence of various factors and 
obtaining estimates commensurate with the level of currently available 
data.

2. Mathematical statements

2.1. Hydraulic head solution in the aquifer induced by a reservoir on the 
watercourse

This study considers an unconfined, sloping, homogeneous aquifer 
with a saturated thickness without watercourse D0 (in m; Fig. 2). The 
aquifer dip and the watercourse are aligned with the x-axis direction and 
θ is the dip angle of the impermeable basement (in radian). The natural 
flow direction, and thus the hydraulic head, is parallel to the aquifer 
bottom, the natural (no reservoir, no stream) hydraulic gradient, i, being 
equal to tanθ. The aquifer is characterized by a constant and uniform 
hydraulic conductivity (K in m/s) and is limited in space along the y-axis 
by a no-flow boundary at a distance L (in m) from a Cartesian coordinate 
system (x, y), resulting in a semi-infinite aquifer. Therefore, L charac-
terizes the width of the aquifer. The reservoir created by the dam has a 
triangular shape and fully penetrates the aquifer. It is located at the 
centre of the coordinate system (Fig. 2a), and is defined by its half-length 
along the x-axis (R in m), and its length along the y-axis (LR in m). ϑ is the 
angle that the diagonal of the reservoir makes with the x-axis (tan ϑ 
=LR/2R). The water depth in the reservoir is variable, b downstream of 
the reservoir at the dam location (at x = R) and a upstream (at x = − R), 
between the two the water depth changes linearly (Fig. 2b). a and b can 
take any value. A semi-pervious layer of insignificant storage capacity 
lies between the reservoir and the aquifer, it is defined by its hydraulic 
conductivity kR′ (m/s) and its thickness bR′ (m). The river up- and 
downstream of the reservoir is aligned with the x-axis and is of infinite 
extent, it is assumed to have a constant water height above D0, c_av (m). 
The stream-aquifer exchanges are also controlled by semi-pervious 
layers with hydraulic conductivity kup′ (m/s) upstream and kdw′ (m/s) 
downstream, and thicknesses bup′ and bdw′ (m) upstream and down-
stream respectively.

This scheme therefore considers that there are reservoir-aquifer in-
teractions, and stream-aquifer interactions, both up- and downstream of 
the reservoir. As in this case the watercourse constitutes a constant 
hydraulic head or an imposed flux condition, the system is symmetrical 
according the x-axis.

The governing steady-state groundwater flow equation correspond-
ing to this situation is defined by the non-linear Boussinesq equation: 

∂
∂x

(

KD
∂h
∂x

)

+
∂
∂y

(

KD
∂h
∂y

)

= 0 (1) 

With D the saturated thickness (in m) and h(x, y) = D(x, y) − ix the 
hydraulic head (in m). The boundary conditions are: D( ± ∞, 0) = D0 

thus h( ± ∞, 0) = ±∞, and along the no-flow boundary: ∂h
∂y|y=L = 0. D0 is 

the saturated thickness without reservoir and stream, and i = tanθ.
Along the reservoir and the river up- and downstream of the reser-

voir, the surface–groundwater interactions assume the Robin condition 
(or Fourier condition), therefore along the banks (see Supplemental 
materials): 
(

Sinφ
∂h
∂x

− Cosφ
∂h
∂y

)

K =
kʹ

k
bʹ

k
(h0 − h) (2) 

where φ is the angle between the normal to the bank and the y-axis. 
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Therefore, φ = ϑ along the oblique bank of the reservoir (− R ≤ x < R), φ 
= 3π/2 on the downstream part of the reservoir (along LR, x = R), and φ 
= 0 along the river up- and downstream of the reservoir. kk′ and bk′ are 
the hydraulic conductivities and the thicknesses of semi-pervious layers 
at the contact between the watercourse and the aquifer as mentioned 
above. h0 is the hydraulic head in the watercourse, which depends on its 
water height (s0): 

h0 = D0 − ix0 + s0 (3) 

x0 is the distance along the x-axis, which depends on the location so that 
h(x,y) and h0(x0,y) in Eq. (2) are along the same normal to the bank. In 
the stream upstream (x < − R) and downstream (x > R) of the reservoir, 

x0 = x, in the reservoir, along the oblique bank (− R ≤ x < R, φ = ϑ), x0 =

x + bR′⋅Sinϑ, and at the dam location (x = R, φ = 3π/2), x0 = x-bR′. 
Concerning the water height (s0), in the reservoir (− R≤x ≤ R), and 
assuming that the water height changes linearly along the x-axis, be-
tween the value a (upstream, x = − R) and the value b (downstream, x =

R), s0 = 1
2

[
x
R (b − a)+a+b

]
. In the stream upstream (x < − R) and 

downstream (x > R) of the reservoir,s0 = c av.
Notice that the Robin condition admits two extreme cases, the 

Dirichlet condition (constant head, thus a perfect exchange with the 

aquifer), when k
ʹ
k

bʹ
k
→∞, therefore h = h0 in Eq. (2), and the no-flow con-

dition (no exchange), when k
ʹ
k

bʹ
k
= 0, therefore 

(

Cosφ ∂h
∂y − Sinφ ∂h

∂x

)

K = 0 in 

Fig. 2. Sketch of the conceptual model of reservoir-stream system with a pumping well. a) Plan view with the displays of image wells; the equations correspond to 
the boundary condition along the reservoir and stream banks. σ: distance between image wells. b) Section view of the water height in watercourse along the x-axis. c) 
Section view of the water level in the aquifer parallel to the x-axis and near the pumping well (0 < y < L). d) and e) sections view parallel to the y-axis, near the 
stream downstream of the reservoir (d) and at the dam location (e).
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Eq. (2).
Assuming that the aquifer slope is small (i = tanθ ≈θ; θ ≤ 0.02), 

which implies that groundwater flow is parallel to the substratum, a 
linearized form of Eq. (1) can be found by defining s(x, y) = D(x, y) − D0 
and assuming that (D − D0)/D0 is small (i.e. the first method of lineari-
zation − or h-linearization – is used to solve Eq. (1); e.g. Zlotnik et al. 
2017, Dewandel et al., 2023). Therefore, Eq. (1) can be rewritten as: 

KD0

(
∂2s
∂x2 +

∂2s
∂y2

)

− K⋅i
∂s
∂x

= 0 (4) 

with s( ± ∞, 0) = 0 and ∂s
∂y|y=L = 0.

The uncertainty introduced by this linearization method is discussed 
later.

Boundary conditions along the banks (Eq. (2)) becomes (see Sup-
plemental materials): 

K
(

Sinφ
∂s
∂x

− Cosφ
∂s
∂y

− i⋅Sinφ
)

= −
kʹ

k
bʹ

k

(
s − s0 + Sinφ⋅i⋅bʹ

k
)

(5) 

where s0 is the water height in the watercourse (reservoir and stream), 
and has been defined previously.

The flux conditions through the banks of the reservoir and the stream 
can be represented by applying the method of fundamental solutions. 
This assumes that the solution of the equation describing the hydraulic 
head in the sloping aquifer with a reservoir and a stream can be obtained 
from a linear combination of strengthened terms produced by applica-

tion of the appropriate fundamental solution at a series of image wells. 
Along the banks of the reservoir and the stream, the superposition of the 
perturbations induced by each image well has to respect the boundary 
condition given by Equation (5) (Fig. 2a).

The fundamental solution of the linearized equation (Eq. (4)) 
describing the steady-state hydraulic head in an inclined aquifer, 
bounded by a no-flow boundary along the y-axis (∂h

∂y|y=L = 0) with a 
pumping well, can be found in Hantush (1964a,b) where an image well 
has been added to represent the no-flow boundary at a distance L (use of 
the principle of superposition, see Supplemental materials). With the 
used coordinate system (Fig. 2a), the form of the fundamental solution is 
given by the saturated thickness D: 

s(x, y) = D(x, y) − D0 =
Q

2πD0K
eαx[K0(rα) + K0(rnα) ] = Q

2πD0K
H(x, y)

(6) 

where Q is the pumping rate (Q<0; in m3/s), K0(u) is the modified Bessel 
function of the second kind of the zero order, and e is the exponential 

function, α = i/(2D0), r =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√
and rn =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + (2L − y)2
√

. Note 
that the same solution can be retrieved in Polubarinova-Kochina (1977; 
p.464–465) and Carlslaw and Jaeger (1959; section 10.7).

According to the method of fundamental solutions, the solution of 
the whole system (Eq. (4)) and boundary condition given by Eq. (5) can 
be expressed as: 

s(x, y) = D(x, y) − D0 =
∑n

j=1

γj

2πD0K
Hj

(
x, y, xj, yj

)
(7) 

With 

Hj

(
x, y, xj, yj

)
= eα(x− xj)

[
K0

(
Rj,1α

)
+ K0

(
Rj,2α

) ]
(8) 

the fundamental solution applied at the jth image wells, xj and yj the 
coordinates of the jth image wells (up to n), and γj are strengths applied 
to this solution that must be evaluated to represent the reservoir-stream 
boundary (Fig. 2a). Rj,1 and Rj,2 are distances to the image wells 

(Rj,1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
x − xj

)2
+
(

y − yj

)2
√

and  

Rj,2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
x − xj

)2
+
(

2L −
(

y − yj

))2
√

).

Therefore, the hydraulic head in the sloping aquifer with a reservoir- 
stream system is given by: 

h(x, y) =
1

2πD0K
∑n

j=1
γj⋅Hj

(
x, y, xj, yj

)
+ D0 − i⋅x (9) 

If image wells are regularly located within the watercourse at a 
distance d′ of its banks, the distance between them is: σ =
(

2P+2R− d́
Cosϑ +tanϑ⋅(2R − d́ ) − d́

)

/n, with P a distance which must be 

large enough not to influence the resolution of the system, i.e. greater 
than the impact of reservoir on the aquifer. In practice, we assume that P 
= 10⋅(2⋅R). Note that when γj = 0, Eq. (9) corresponds to the hydraulic 
head without the reservoir-stream system.

The solution given by Eqs. (7) and (8) has to respect the boundary 
condition given by Eq. (5). It implies:  

where Rr-k are reservoir-stream leakance parameters or retardation co-
efficients (in m), Rr =

K
kR

b́Rʹ for the reservoir, and Rrup = K
kup

b́uṕ  and 

Rrdw = K
kdw

b́dwʹ for the stream up- and downstream of the reservoir 
respectively. Note that Rr-k = 0 assumes that reservoir-stream/aquifer 
exchanges are perfect, and that Rr-k = ∞ assumes that there is no 
reservoir-stream/aquifer exchanges. Eq. (10) is a linear function of γj.

Along the stream, upstream (x < − R) and downstream (x > R) the 
reservoir, φ = 0, y = 0 and s0 = c_av. Along the oblique side of the 

reservoir: φ = ϑ, − R≤x < R, 0 < y < LR and s0 = 1
2

[
x
R (b − a)+a+b

]
, and 

along the downstream part of the reservoir: φ = 3π/2, x = R, 0 < y ≤ LR, 
and s0 = b. Expanded forms of Eq (10) are given in Appendix A. Eq. (10) 
can be decomposed into two terms: ‘F’ on the left side, and ‘p’ on the 
right side.

∂Hj
∂x and ∂Hj

∂y are the derivatives of Eq. (8) according to x and y.
According to x: 

∂Hj

∂x
= αeα(x− xj)

{

K0
(
Rj,1α

)
+K0

(
Rj,2α

)
−
(
x − xj

)
[
K1

(
Rj,1α

)

Rj,1

+
K1

(
Rj,2α

)

Rj,2

]}

(11) 

And according to y: 

∂Hj

∂y
= αeα(x− xj)

⎧
⎨

⎩

2L −
(

y − yj

)

Rj,2
K1

(
Rj,2α

)
−

y − yj

Rj,1
K1

(
Rj,1α

)

⎫
⎬

⎭
(12) 

where K1(u) is the modified Bessel function of the second kind of the first 

1
2πD0K

∑n

j=1
γj

(

Sinφ
∂Hj

∂x
− Cosφ

∂Hj

∂y
+

1
Rr− k

Hj

)

=
s0

Rr− k
+ i⋅Sinφ

(

1 −
b’

k
Rr− k

)

[ − − − − − − − − − F − − − − − − − − − − − − ] [ − − − − − − − − − − − p − − − − − − − − − − − ]

(10) 

B. Dewandel et al.                                                                                                                                                                                                                              Journal of Hydrology 642 (2024) 131801 

5 



order.
The evaluation of strength coefficients γj is achieved by transposing 

the flow condition along the banks of the reservoir and the stream. 
Strength coefficients γj were evaluated on the watercourse banks at the 
closest distance (d′) between the image wells and the banks of the 
watercourse (Fig. 2a). As the flow condition (Eq. (10)) is computed in n 
locations, it results in a series of n linear equations that have to be solved 
simultaneously, and which can be represented in matrix form: 

1
2πD0K

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

F11 F21 F31⋯Fn1
F12 F22 F32⋯Fn2
F13 F23 F33⋯Fn3

⋯.

F1j F2j F3j⋯Fnj
⋯

F1n F2n F3n⋯Fnn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

γ1
γ2
γ3
⋯
γj
⋯
γn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

p1
p2
p3
⋯
pj
⋯
pn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(13) 

where ‘F’ and ‘p’ are left and right terms of Eq. (10). Subscripts indicate 
the location where the calculation is performed and the number of the 
image well. K is hydraulic conductivity (m/s).

Eq. (13) is of the form 1
2πD0K [A]

[
γj
]
=[B], where [A] represents the 

equations matrix, 
[
γj
]

is the unknown variable vector and [B] the known 

vector. With 

[

γ̃j

]

=
[γj]

2πD0K, the strength coefficients were evaluated 

numerically using matrix calculation (
[
γ̃j
]
= [B]⋅[A]− 1). Therefore, the 

hydraulic head is given by: 

h(x, y) =
∑n

i=1
γ̃je

α(x− xj)
[
K0

(
Rj,1α

)
+ K0

(
Rj,2α

) ]
+ D0 − i⋅x (14) 

Eq. (14) shows that the steady-state hydraulic head induced by the 
reservoir-stream system does not depend on the hydraulic conductivity 
of the aquifer but on leakance parameters between the reservoir and the 
aquifer (Rr), and those between the stream and the aquifer up- and 
downstream of the reservoir (Rr up and Rr dw).

2.2. Hydraulic-head solution in the aquifer induced by a reservoir on the 
watercourse and a pumping well

If a pumping well fully penetrating the aquifer is located near the 
reservoir created by the dam (Fig. 2), the same method can be used for 
evaluating the steady-state hydraulic head. Due to the linearity of the 
solution (Eqs. (4) and (7)), the principle of superposition is used for 
adding such source. The result is that the term corresponding to the 
pumping well has to be added to the second part of Eq. (7) and thus to 

the known vector [B]. Therefore, [B] and 
[
γ̃j
]
, and thus hydraulic head, 

now also depend on the aquifer hydraulic conductivity. The new system 
of linear equations obtained is also solved numerically.

For a well pumping (or injecting) at a rate Qp (in m3/s) located at xw, 
yw, the term to be added is identical to Eq. (6), except that x is replaced 
by x-xw, y by y-yw and L by L-yw. If the well is pumping, Qp is <0; if it is 
injecting, Qp is >0.

Therefore, the semi-analytical steady-state hydraulic-head solution 
combining the reservoir-stream system with a pumping (or injecting) 
well is given by: 

h(x, y) =
∑n

j=1
γ̃je

α(x− xj)
[
K0

(
Rj,1α

)
+ K0

(
Rj,2α

) ]
+ D0 − i⋅x

+
Qp

2πD0K
eαxp

[
K0

(
rp1α

)
+ K0

(
rp2α

) ]
(15) 

with xp = x-xw; rp1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xw)
2
+
(
y − yw

)2
√

, rp2 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xw)
2
+
(
2L −

(
y − yw

) )2
√

.
The boundary condition (Eq. (10)) must be rewritten accordingly, 

and is of the form: 

1
2πD0K

∑n

j=1
γj

(

Sinφ
∂Hj

∂x
− Cosφ

∂Hj

∂y
+

1
Rr− k

Hj

)

=
s0 − sp

Rr− k
+ i⋅Sinφ

(

1 −
1

Rr− k

)

− Sinφ
∂sp

∂x
+Cosφ

∂sp

∂y
(16) 

where sp is the term corresponding to the pumping well (last the term of 
Eq. (15), Rr-k the leakance parameters and s0 the water height in the 
watercourse (reservoir and stream). The pumping (or injecting) well, 
can be located everywhere in the aquifer. Notice that if others pumping 
wells need to be considered, the same superposition principle can be 
used. Therefore, additional terms corresponding to each well, with their 
own coordinates and pumping rates, must be added to Eqs. (15) and 
(16).

3. Numerical analysis of the proposed solutions

3.1. Accuracy of the method of fundamental solutions

The accuracy of the method used (MFS) depends on the distances 
between image wells (σ) and on the distance of these wells to the banks 
of the reservoir and the stream (d′, Fig. 2a). Examples here are given for 
the case of a reservoir and its stream (Eq. (14)) and for the solution 
including a pumping well (Eq. (15)).

Fig. 3 gives examples of flow computations according to Eq. (2), 

F1 = K
(

Sinφ ∂h
∂x − Cosφ ∂h

∂y

)

D⋅Δε (flow from the aquifer, in m3/s) and 

F2 =
kʹ

k
bʹ

k
(h0 − h)D⋅Δε (flow from the watercourse, in m3/s), with D the 

saturated thickness in the aquifer near banks (m), Δε an incremental 
spacing (in m). Δε = Δx along the stream up- and downstream the 
reservoir, Δε = Δx/Cosθ along the oblique side of the reservoir, and Δε 
= Δy along the downstream part of the reservoir. The reservoir-stream 
system is identical for each case but d′/σ ratios differ, with 50 ≤ n ≤
3,000 (R = 250 m, LR = 250 m, L = 1,250 m, i = 0.006, K = 10− 3 m/s, a 
= c_av = 1 m, b = 4 m, Rr = 200 m and Rr up = Rr dw = 100 m, d′ = 8 m, 
without pumping well Eq. (14). Fig. 4 shows the difference between F1 
and F2. Results are satisfactory when conditions of Eq. (2) are satisfied, 
therefore when F1 is almost identical to F2 (Fig. 3) or when their dif-
ference becomes negligible (Fig. 4). Here, for d′/σ ratios lower than 0.9, 
results are clearly not satisfactory and become acceptable for higher 
ratios. So the question is: what ratio should you use to get satisfactory 
results?

Fig. 5 shows a series of sensitivity tests of the average flow balance 
normalized to the mean (

∑ |F1 − F2 |
(F1+F2)/2), for different reservoir geometries 

(250 ≤ R ≤ 750, 100 ≤ LR ≤ 250, 0.3 ≤ a ≤ 1, 1.5 ≤ b ≤ 13), different 
leakance parameters (20 ≤ Rr ≤ 250, 10 ≤ Rr up ≤ 200 and 10 ≤ Rr dw ≤

2,000), different d′ (4 ≤ d′ ≤ 15), different pumping locations and 
pumping rates (at 15 and 22 m from the watercourse banks, Q = 60 and 
150 m3/h) and different number of image wells (10 ≤ n ≤ 3 500). Tests 
were also done with different natural hydraulic gradients i, aquifer 
thicknesses D0 and aquifer widths L (0.001 ≤ i ≤ 0.01, 2.5 ≤ D0 ≤ 20 m, 
400 ≤ L ≤ 1,500 m). The figure shows that the accuracy of the proposed 
semi-analytical solution, i.e. a nil balance between F1 and F2, is clearly 
controlled by the number of image wells used, which is itself controlled 
by the geometry of the reservoir-stream system. Obviously, increasing n 
increases the result accuracy, but for reasonable computation times, 
from a few tens of seconds to a few minutes, the number of image wells 
can be optimized according to d′. Results show that for a ratio d′/σ 
ranging between 0.7 and 1.0, the semi-analytical solution gives satis-
factory results. Usually, values of d′ between 5 and 10 m give satisfactory 
results. However, if pumping wells are located very close to the banks (e. 
g. a few meters), d′ must be decreased (e.g. 2–3 m) to allow a correct 
description of the flows, and therefore n increased to maintain the d′/σ 
ratio ranges.
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3.2. Spatial variation of strength coefficients

Fig. 6 shows the spatial variation of strength values (Eqs. (14) and 
(15) with γ̃j = γj/(2πD0K), in m). In the example given, strengths are 
positive or negative with increasing absolute values near singularities: 
corners of the reservoir, at the contact between the reservoir and the 
stream, and near the pumping well. The strength values are positive 
along the oblique side of the reservoir and downstream, but negative 
near the pumping well, near the corner of the reservoir (x = R, y = LR), 
and upstream of the reservoir. The sign of strengths (>0 or <0) can also 
vary depending on the contrasts in hydraulic conductivity between the 
aquifer and the banks, the location of the pumping well and its pumping 
rate. Generally, they decrease for banks with low permeability. Addi-
tionally, strengths values decrease with increasing number of image 
wells to counterbalance the number of image wells, and their absolute 
values tend to be larger where the hydraulic conductivity contrast is 
high (low permeability of the banks); see Supplementary materials. 

Therefore, the spatial variation of strength values is non-linear and de-
pends on the geometry of the system, the hydraulic conductivity con-
trasts between the aquifer and the banks of the watercourse and, the 
location of the pumping well and its rate of pumping. However, their 
values cannot be directly used to assess the actual flows across the 
watercourse banks. It is the convolution at a given location of the 
fundamental solution with all the strengths, which makes it possible to 
evaluate the hydraulic head or the flow across the banks (Eqs. (14) and 
(15), and Eqs. (10) and (16)).

4. Dependence on parameters

As the developed semi-analytical solution allows testing a variety of 
hydrogeological situations, the solution is used to evaluate the depen-
dence of certain parameters (Rr, LR, L) on groundwater levels due to the 
removal of the dam (or its emplacement). The hydraulic head are pre-
sented in term of variations (Δh), which are deduced from the 

≥600

≥600

Fig. 3. Sensitivity tests performed with Eq. (14) for a reservoir-stream system alone. a) Flow computed along the banks of the reservoir and the stream along the x- 
axis (red dotted line). b) Flow computed along the banks of the reservoir and the stream parallel to the y-axis (red dotted line, x = R; 0 ≤ y ≤ LR). F1: flow from the 
aquifer and F2: flow from the watercourse. >0: flows from the watercourse towards the aquifer, and <0: flows from the aquifer towards the watercourse. D: saturated 
thickness in the aquifer near banks (m), Δε: incremental spacing along the stream. Up- and downstream the reservoir Δε = Δx = 40 m, along the oblique side of the 
reservoir Δε = Δx/Cosθ = 44.7 m, and Δε = Δy = 6.3 m along the downstream part of the reservoir. R = 250 m, LR = 250 m, L = 1 250 m, i = 0.006, K = 10− 3 m/s, a 
= c_av = 1 m, b = 4 m, Rr = 200 m, Rr up = Rr dw = 100 m and d′ = 8 m with 50 ≤ n ≤ 3000. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)
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comparison between Eq. (14) and the situation without a reservoir (Δh 
= hstream+reservoir-hstream). The situation without a reservoir considers a 
stream on the entire watercourse, i.e. the water height is identical on the 
entire watercourse and that the leakance parameter at the location of the 
reservoir is equal to that of the stream upstream of the reservoir (a = b =
c_av and Rr = Rr up in Eq. (14). Also, flow in and out of the aquifer across 
the banks (deduced from Eq. (10) are presented in term of variations. 
They are also deduced from the comparison to the situation without 
reservoir (ΔFlow = Flowstream+reservoir-Flowstream). ΔFlow are shown for 
each segment of the watercourse (reservoir and, up- and downstream of 
the reservoir), and were computed with an arbitrary value of hydraulic 
conductivity (K) of 10− 3 m/s.

In all the cases presented, the length of the reservoir is the same (2R 
= 500 m) as well as the water heights in the reservoir and in the stream 
(a = c_av = 1 m and b = 4 m), the aquifer thickness (D0 = 10 m) and its 
gradient (i = 0.006). For simplicity, the stream leakance factors up- and 
downstream of the reservoir are set identical (Rr up = Rr dw = 100 m), 
which means that assuming a unit value for the thickness of semi- 
pervious layers, the streambank is 100 times less permeable than the 

aquifer. The dependence of these other parameters will be discussed 
later.

The first two paragraphs examine the influence of the reservoir 
leakance factor and that of the dam width assuming an infinite aquifer 
width (L = ∞) to avoid superimposed effects.

4.1. Dependence on reservoir leakance factor

Fig. 7 shows the dependence on the reservoir leakance factor (0 ≤ Rr 
≤ ∞ m) in the case of an infinite wide aquifer (L = ∞). The length of the 
reservoir along the y-axis is the same for each case (LR = 250 m).

The figure shows that as long as the leakance factor is sufficiently low 
(Rr < 10,000) to allow flow towards the aquifer, the groundwater level 
increases in the aquifer up to several kilometres up- and downstream of 
the dam (Fig. 7a), but also laterally along the y-axis, perpendicularly to 
the stream (Fig. 7b). This increase is greater downstream for two rea-
sons. The first is due to the greater height of water in the reservoir near 
the dam, and the second is due to the inclination of the aquifer, which 
creates greater variations downstream than upstream. This is due to the 

Fig. 4. Sensitivity tests performed with Eq. (14) for a reservoir-stream system alone, difference between the flow from the aquifer (F1) and the flow from the 
watercourse (F2). a) Along the banks of the reservoir and the stream along the x-axis (red dotted line). b) Along the banks of the reservoir and the stream parallel to 
the y-axis (red dotted line, x = R; 0 ≤ y ≤ L). R = 250 m, LR = 250 m, L = 1 250 m, i = 0.006, K = 10− 3 m/s, a = c_av = 1 m, b = 4 m, Rr = 200 m and Rr up = Rr dw =

100 m and d′ = 8 m with 50 ≤ n ≤ 3,000. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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fundamental solution used, in particular because of its exponential term 
(eαx giving higher values for x > 0).

For low Rr values (<10,000), the spatial extent of the increase in 
hydraulic head is much higher than the reservoir area, which creates 
flow from the aquifer to the stream, up- and downstream of the reservoir 
(Fig. 7c; ΔFlow < 0). Downstream outflows are more important for the 
reasons mentioned above. However, when the hydraulic conductivity of 
the reservoir bank becomes too low and impervious Rr ≥ 10,000), the 
water levels in the aquifer upstream of the reservoir continue to increase 
compared to the situation with a stream alone (without reservoir) as the 
reservoir banks, particularly its oblique side, act as barrier to ground-
water flow. Downstream of the reservoir water levels decrease and 
become lower than that occupied by the watercourse alone, inducing a 
reversal of flow from stream to aquifer (Fig. 7c; ΔFlow > 0). This situ-
ation describes what can happen when the reservoir is silted with low 
permeability sediments.

4.2. Dependence on dam width

Fig. 8 presents examples of hydraulic head variation for different 

reservoir geometries (ratio LR/R), from LR/R = 2 (i.e. LR = 2R) to the 
case where the reservoir is rectilinear and aligned with the stream (LR/R 
= 0). In these examples, the width of the alluvial valley is also assumed 
to be infinite (L = ∞) and the reservoir leakance parameter is constant 
(Rr = 200 m). As expected (Fig. 8a and b), the more the width LR in-
creases, the greater the impact in terms of hydraulic head both up- and 
downstream of the reservoir (parallel to the x-axis) as well as on its sides 
(parallel to the y-axis). This is explained by the increase of outflows from 
the reservoir towards the aquifer (Fig. 8c). It results that the hydraulic 
head increases over increasingly greater distances as this ratio increases, 
and, consequently, that flows from the aquifer towards the stream in-
crease, in particular downstream (Fig. 8c; ΔFlow < 0).

Note that for ratios LR/R ≤ 0.1, variations in hydraulic head are 
almost identical to the case LR/R = 0, which shows for practical appli-
cations that an elongated reservoir can be modelled by a rectilinear 
model without introducing significant errors.

4.3. Dependence on aquifer width

Fig. 9 presents a series of calculations of hydraulic head variations 

Fig. 5. Sensitivity tests performed with Eqs. (14) and (15), d′/σ vs. average flow balance normalized to the mean (
∑ |F1 − F2 |

(F1+F2)/2), for different reservoir geometries, 
different leakance parameters and aquifer parameters. 250 ≤ R ≤ 750, 100 ≤ LR ≤ 250, 0.3 ≤ a ≤ 1, 1.5 ≤ b ≤ 13, 20 ≤ Rr ≤ 250, 10 ≤ Rr up ≤ 200 and 10 ≤ Rr dw ≤

2,000, 10− 3 ≤ i ≤ 10− 2, 2.5 ≤ D0 ≤ 20, 400 ≤ L≤1,500 m, 4 ≤ d′ ≤ 15, Q = 60 and 150 m3/h and 10 ≤ n ≤ 3,500. See inserted table for pumping well locations (xw, 
yw) and prescribed K values.
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for different widths of the aquifer (ratios L/LR, 1.5 ≤ L/LR ≤ ∞). The 
length of the reservoir along the y-axis is constant (LR = 250 m), and the 
reservoir leakance parameter is constant (Rr = 200 m). The hydraulic 
head variations increase when the width of the alluvial valley is shorter 
(low L/LR ratios), because the lateral extension of the aquifer prevents 
the piezometric mound from propagating in the direction perpendicular 
to stream (i.e. beyond the limit). However, because in these cases the 
stream-aquifer interactions are quite significant (Rr up = Rr dw = 100 m), 
for ratios L/LR≥10 the variations converge towards the case where the 
width is infinite (L/LR = ∞), whether parallel (Fig. 9a) or perpendicular 
(Fig. 9b) to the stream. If the stream-aquifer interactions had been 
weaker (increase of Rr up and Rr dw), the hydraulic head variations would 
have converged at greater L/LR ratios (i.e. for a larger valley).

Fig. 9c shows the flow calculations on the different segments of the 
watercourse vs. L/LR ratios. The inflows (ΔFlow > 0) and outflows 
(ΔFlux < 0) of the aquifer increase little for the smallest L/LR ratios and 
converge rapidly from ratios greater than 10 due to the stabilization of 
the piezometric mound. These increases in outflows from the aquifer 
towards the stream (i.e. they become more negative, L/LR<10), up- and 
downstream of the reservoir, are due to a greater propagation of the 
difference in hydraulic head parallel to the watercourse when the width 
of the aquifer decreases, which increases the gradient between the 
aquifer and the stream, and therefore the outflows towards the stream. 
Downstream outflows are always the largest because, as mentioned 
previously, the variation in hydraulic head propagates further than 
upstream.

5. Application to field cases

5.1. The removal of the Milltown dam

The Milltown Dam (western Montana, USA) construction was 
completed in 1907 at the confluence of the Clark Fork and Blackfoot 
rivers (Fig. 10a). Over the next 100 years, the Milltown reservoir filled 
with mining and smelter wastes from areas located upstream. The 
Milltown Dam was removed during the period of 2006 to 2009, with the 
objectives to restore groundwater quality, provide fish passage, and 
return the two rivers to a natural and free-flowing state (Berthelote, 
2013). The associated reservoir covered about 90 ha, with a length of 

about 1.5 km (2R = 1,500 m). According to Berthelote (2013), the water 
height at the dam in the reservoir was 8.5 m (b = 8.5 m) and was 2.4 m in 
the upstream part of the reservoir (a = 2.4 m). The reservoir-river sys-
tems are located in an unconfined to semi-confined valley aquifer 
mainly formed by fluvial sands, gravels and blocks. Its width is about 2 
km in average, and its thickness ranges from 6 to 60 m (D0 was set at 30 
m) with hydraulic conductivity ranging from 10− 3 to 3 × 10− 1 m/s. The 
hydraulic gradient (i) is 0.004.

Fig. 10a illustrates the decline (Δh in meters) of the water table from 
March 2006 to March 2010. It shows that declines were not limited to 
the immediate reservoir area but extended at least 6 km downstream 
and 2 to 3 km upstream of the reservoir (Berthelote, 2013). Fig. 10b 
shows a cross section of the water level variation at 300 m from the 
stream (contour map and some available observation wells) and 
modelling tests with different reservoir and stream leakance parameters. 
The computed hydraulic head variations (Δh) are deduced from the 
comparison between Eq. (14) and the situation without a reservoir (i.e. 
Eq. (14) without reservoir). For the modelling, the width L of the aquifer 
was set at 1,200 m (the Clark Fork river is almost in the middle of the 
valley), and the length of the reservoir along the ordinate axis was set at 
0 (LR = 0), as, on the right bank, the reservoir and the river are almost 
aligned. The water height in the stream c_av was set at 0 (no information 
on this parameter); the dependence on this parameter is discussed 
further.

The models that best explain the observed data, with RMSE values 
between 0.15 and 0.2 m, were obtained with 2,000 ≤ Rr ≤ 2,500 m for 
the reservoir, 800 ≤ Rr up ≤ 1,000 m for the stream upstream of the 
reservoir, and Rr dw between 105 and 106 m downstream. High values of 
Rr dw were necessary to reproduce the very asymmetric observed Δh 
curve, showing that in this case the increase in water height towards the 
downstream of the reservoir dam, as well as the inclination of the 
aquifer, was not sufficient to explain the hydraulic head variations. In 
this case, this shows that downstream of the dam, the stream is almost 
not connected to the aquifer. This result is consistent with previous 
studies, which showed that the aquifer is more confined downstream of 
the dam (Berthelote, 2013). In the reservoir, surface water-aquifer ex-
changes are lower than in the river upstream of the reservoir, which can 
be explained by the filling of the reservoir with poorly permeable ma-
terials over the last 100 years.

5.2. A dam and a well field on the Gardon d’Anduze river (Massillargues- 
Attuech site)

Massillargues-Attuech town is located about 40 km northwest of the 
city of Nîmes in France (Fig. 11a). Near the city, a series of five dams 
were built on the Gardon d’Anduze river in the 1970s until the 1980s to 
raise the groundwater level of the alluvial aquifer that became depleted 
due to gravel quarrying. Here, investigations were carried out to eval-
uate the groundwater mound created by the reservoir associated with 
one of these dams (Tour de Barre Dam) where a well field is located 200 
m downstream of the dam. The well field (3 pumping wells less than 90 
m apart) withdraws approximately 250 m3/h from the groundwater for 
the supply of drinking water (Fig. 11a). The aquifer mainly consists of 
gravel with a hydraulic conductivity (K) of about 1 to 5 × 10− 3 m/s and 
a thickness of about 5 m near the dam and the well field (D0 = 5 m); 
Frissant and Ladouche (2022). The length of the reservoir is 830 m (2R), 
and because the reservoir is very elongated its width was set 0 (LR = 0). 
Its water heights are 3.5 m (b) at the dam and 1.0 m in its upstream part 
(a), which means that the difference in water height of the watercourse 
between up- and downstream of the dam is 2.5 m. The water height in 
the stream was set identical to a (c_av = 1.0 m). Fig. 11a shows the water 
table map established in July 2023. The map was drawn from local field 
observations and was constrained by the elevation of the watercourse to 
have a correct characterization of the groundwater mound created, 
particularly near the dam. The hydraulic gradient (i) was about 3 ×
10− 3. The width of the alluvial valley (on the right bank) at the dam 

Fig. 6. Plan view of strength coefficients ̃γj evaluated numerically using matrix 
calculation (Eqs. (14) and (15)), with γ̃j = γj/(2πD0K)), aquifer width L = 1250 
m). Rr = 200 m, Rr up = 100 m, Rr dw = 1000 m, LR = 250 m, R = 250 m, a =
c_av = 1 m, b = 4 m, D0 = 10 m and i = 0.006, K = 10− 3 m/s, n = 1800, d′ = 5 
m, s = 6.00 m. a) no pumping well. b) xw = 0; yw = 150 m, Q = 150 m3/h. c) xw 
= 272.4, yw = 125 m, Q = 150 m3/h. The graphs represent strength coefficients 
between image wells n◦742 (at x = − 799.68 m) and image wells n◦1053 (at x 
= 799.68 m).
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location is approximately 610 m (L = 610 m). At about 850 m down-
stream of the dam, there is an underground dam (impervious structure; 
Fig. 11a), which locally increases the water level upstream of it. How-
ever, its influence is estimated to be less than 0.1 m at the location of the 
well field. The influence on the water level of such an underground 
structure was studied in Dewandel et al. (2023). The objectives of this 
field example are to explain the observed water level data with the 
developed semi-analytical model that considers both a reservoir-stream 
system and a pumping well, and to assess what the depletion of the 
groundwater level at the well field location might be if the dam is 
removed. As only the cumulative pumping rate of the three wells was 

known, a single pumping well located in the middle was assumed for the 
modelling (i.e. Eq. (15)). To match the observed water levels, in this case 
a constant corresponding to the elevation of the impervious basement at 
the centre of the system was added to computed values (108.7 m a.s.L.; 
x = y = 0).

Fig. 11b–e compare the results of the modelling of hydraulic head (h) 
with Eq. (15), with elevation data from the water table map (grey dots) 
along four cross sections. Two are parallel to the river (n◦1 at 95 m from 
the riverbank − Fig. 11b and n◦2 at 260 m − Fig. 11c) and two are 
perpendicular (n◦3 at 70 m upstream of the dam –Fig. 11d, and n◦4 at 
200 m downstream − Fig. 11e). The models that best explain the 

Fig. 7. Dependence on the reservoir leakance factor (0 ≤ Rr≤∞ m) in the case of an infinite wide aquifer (L = ∞). Rr up = Rr dw = 100 m, LR = 250 m, R = 250 m, a =
c_av = 1 m, b = 4 m, D0 = 10 m and i = 0.006. a) Variations of hydraulic head (Δh), parallel to the x-axis (y = 300 m). b) Variations of hydraulic head (Δh), parallel to 
the y-axis (y = 150 m); colour scale is identical to a). c) Variations of flow in and out of the aquifer compared to the situation without reservoir (ΔFlow), K = 10− 3 m/ 
s. Δh are deduced from the comparison of Eq. (14) to the situation without a reservoir.
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observed data (RMSE values <0.5 m) were obtained assuming a perfect 
exchange between the stream and the aquifer upstream of the reservoir, 
and the reservoir and the aquifer (Rr = Rr up = 0). Such high surface 
water – groundwater exchange were necessary to describe the mound 
near the dam (e.g. Fig. 11b and d). However, downstream exchanges 
appear to be slightly reduced (0 ≤ Rr dw ≤ 1,000 m), which is consistent 
with field observations. Indeed, downstream of the dam the bedrock 
almost outcrops in the river. The hydraulic conductivity of the aquifer 
was set at 2.5 × 10− 3 m/s, a value consistent to existing data, to describe 
the groundwater mound and, in particular, the depletion due to pump-
ing observed on the profiles (e.g. Fig. 11c). The modelling results 
satisfactorily explain the observed data. However, in the most down-
stream area, the modelling underestimates field observations, which can 
be due to the rise of water level induced by the underground dam 
(Fig. 11b and c). In the most upstream area, modelled water levels 
overestimate field observations, however the water table map is poorly 
constrained in this area (Fig. 11b and c).

Fig. 12 compares the computed hydraulic head to the situation 
without the reservoir, i.e. after dam removal (Δh), for different stream- 
aquifer exchange parameters downstream of the dam (0 ≤ Rr dw ≤ 1,000 
m). According to this modelling, if the dam is removed, the water level 
should decrease by 1 to 1.5 m at the location of the well field, which 
means that the thickness of the saturated aquifer should decrease by 20 
to 30 %, and that the pumping rate of the well field would probably 
decrease by the same amount.

6. Discussion

Above, steady-state semi-analytical solutions were developed for 
evaluating the rise or decline of hydraulic head in an aquifer caused by 
the implementation of a dam reservoir or its removal, with or without a 
well pumping in the aquifer (Eqs. (14) and (15)).

It assumed that the rise (or decline) of the water table remains small 
in comparison to the initial saturated thickness of the aquifer (i.e. 
|D − D0|/D0 is small). This method of linearization, known as the first 
method of linearization (or h-linearization), is commonly used for 
solving groundwater hydraulic problems (e.g. Theis, 1935) and was 
chosen to solve the standard flow equation in steady-state condition (Eq. 
(1)). According to previous works (de Marsily, 1986; Moutsopoulos 
et al., 2022; Upadhyaya and Chauhan, 1998), it can be assumed that if 
the degree of saturation/desaturation β = |D − D0|/D0 is <10 %, the re-
sults can be considered as exact. Zlotnik et al. (2017) based on various 
works for the groundwater mounding induced by artificial recharge 
(Bear, 1972; Korkmaz, 2013 and others), assumed that relative differ-
ences are around a few percent if β ≤ 0.5 and on about 10 % if 0.5 < β ≤
1. To evaluate the accuracy of the solution for higher ratios, the devel-
oped solution was compared to a solution that uses the second lineari-
zation method-or h2-linearization (see Appendix B, Eq. (B-5)). This other 
solution is a closer approximation of the exact solution, and is applicable 
when the decrease or increase of the saturated thickness does not exceed 
one-half of the initial saturated thickness, i.e. when β < 50 %. However, 
its computation time is multiplied by a factor between 10 and 100, and 
sometimes more, which does not make it useful for most practical cases. 
Fig. 13 presents examples of calculating the difference in hydraulic head 
(Δh) induced by a triangular reservoir with the two solutions where only 
the initial saturated thickness of the aquifer differs, 2.5 ≤ D0 ≤ 100 m. 
Results show that the solution with the first linearization method gives 
very satisfactory results when the maximum degree of saturation/ 
desaturation β is less than 20 % (D0 ≥ 5 m in the figure), which is in 
agreement with previous studies (Bear 1972, Korkmaz 2013, Moutso-
poulos et al., 2022, etc.). For higher β values, results are approximate, 
but they can be used as a preliminary diagnosis.

The dependence on reservoir and stream leakance factors (Rr, Rr up, 
Rr dw), on the width of the reservoir (LR) and on the aquifer width (L) 
were discussed above. In particular, both theoretical and field examples 
demonstrate that leakage factors are probably the main driving pa-
rameters, thus reinforcing the fact that the hydraulic head in the aquifer 
and, the inflow and outflow of the aquifer are mainly controlled by these 
river-aquifer exchange parameters. The example on Fig. 3 (with n ≥
1,500) demonstrates the importance of these factors on flows, but also 
on hydraulic head, such as: approximately 4.1 × 10− 2 m3/s flow from 
the reservoir to the aquifer, 1.1 × 10− 2 m3/s return to the river upstream 
of the reservoir, and 2.3 × 10− 2 m3/s return to the river downstream of 
it. The balance of these flows is non-zero (excess of 0.7 × 10− 2 m3/s), 
which is expected since this part of the flow contributes to create the 
piezometric dome. However, in most real cases these flows should be 
very low compared to the discharge of the river. Therefore, a very small 
portion of the river discharge should recharge the aquifer; this should 
occur at a higher rate in configurations with the reservoir than without. 
Note, that on a portion in the upstream part of the reservoir (Fig. 3a), 
there are some negative flows (flow from the aquifer to the reservoir). 
This is explained by the fact that the reservoir creates a groundwater 
mound over a surface much larger than it, which induces in the 

Fig. 8. Dependence on dam width, 0 ≤ LR/R≤2 in the case of an infinite wide 
aquifer (L = ∞). Rr = 200 m, Rr up = Rr dw = 100 m, R = 250 m, a = c_av = 1 m, 
b = 4 m, D0 = 10 m and i = 0.006. a) Variations of hydraulic head (Δh), parallel 
to the x-axis (y = 300 m). b) Variations of hydraulic head (Δh), parallel to the y- 
axis (y = 150 m); colour scale is identical to a). c) Variations of flow in and out 
of the aquifer compared to the situation without reservoir (ΔFlow), K =
10− 3 m/s. Δh are deduced from the comparison of Eq. (14) to the situation 
without a reservoir.
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upstream part a hydraulic head in the aquifer greater than that of the 
reservoir, thus producing these flows.

These riverbanks properties appear to be a common feature of many 
systems, as often a zone of low permeability characterizes the part of the 
aquifer immediately adjacent to the stream or the reservoir (e.g. Butler 
et al., 2001). Stream-aquifer exchanges up- and downstream of the 
reservoir play an important role in the extent of the groundwater mound 

induced by the reservoir, their increase (decrease of leakance parame-
ters Rr up and Rr dw) limit its extent because a large part of the water 
which has infiltrated from the reservoir is diverted towards the stream. 
On the contrary, when the stream-aquifer exchanges are reduced (in-
crease of Rr up and Rr dw), the groundwater mound can propagate very far 
along the stream and perpendicular to it, up to several km in the 
example of the Milltown dam, because less flow is captured by the river 

Fig. 9. Dependence on aquifer width, 1.5 ≤ L/LR ≤ ∞. Rr = 200 m, Rr up = Rr dw = 100 m, R = 250 m, LR = 250 m, a = c_av = 1 m, b = 4 m, D0 = 10 m and i = 0.006. 
a) Variations of hydraulic head (Δh), parallel to the x-axis (y = 300 m). b) Variations of hydraulic head (Δh), parallel to the y-axis (y = 150 m); colour scale is 
identical to a). c) Variations of flow in and out of the aquifer compared to the situation without reservoir (ΔFlow), K = 10− 3 m/s. Δh are deduced from the com-
parison of Eq. (14) to the situation without a reservoir.
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downstream. This is also demonstrated by the theoretical example in 
Fig. 14 (same parameters as Fig. 3), which shows, even for a small dam 
reservoir (R = 500 m and LR = 250 m) where stream-aquifer exchanges 
are relatively high (Rr up = Rr dw = 100 m), that the reservoir-induced 
groundwater mound propagates far in all directions, much further 
than the immediate reservoir area.

When the reservoir is silted with low permeability sediments, ex-
changes are reduced and in certain cases, their accumulation can cause 
the cancellation of exchanges and creates a water level depletion zone in 
the aquifer compared to the situation without a reservoir (Fig. 7c). In the 
given example, the depletion zone is restricted downstream of the dam 
and is the consequence of the barrier to groundwater flow from the low- 

permeability banks, creating upstream a rise of water levels and 
downstream a depletion. This situation of low permeability is compa-
rable to the behaviour of impermeable underground dams, which induce 
a rise in water levels upstream and a depletion downstream (Dewandel 
et al., 2023). However, if the width of the dam reservoir is small 
compared to its length (small LR/R ratio), the phenomenon of obstruc-
tion of the banks to groundwater flow disappears and due to the absence 
of flow from the reservoir towards the aquifer, the depletion zone ex-
tends and covers an area greater than that of the reservoir. This is what 
happened in the Var River (south-east of France, Sogreah, 2015). The 
emplacement of several dams along the river in the 1970 s and 1980 s 
led to a rapid increase in the water table during the first months (up to 4 

Fig. 10. The removal of the Milltown Dam (western Montana, USA). a) Location and map of the variation in hydraulic head (March 2006 to March 2010), redrawn 
from Berthelote (2013). b) Cross section of the water level variation (Δh) parallel to the x-axis at 300 m from the stream (contour map and some available observation 
wells; see EE′ red dotted line on a)) and modelling tests (Eq. (14); curves) with different reservoir and stream leakance parameters. Δh are deduced from the 
comparison of Eq. (14) to the situation without a reservoir. R = 750 m, LR = 0, L = 1200 m, b = 8.5 m, a = 2.4 m, c_av = 0, i = 0.004, D0 = 30 m, 1,500 ≤ Rr ≤ 2,500 
m, 800 ≤ Rr up ≤ 1,000 m and 800 ≤ Rr dw ≤ 106 m. RMSE: residual mean square error. (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)
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m), followed by a decrease to reach, after less than ten years, the level 
before the construction of dams and even in some places deeper levels. 
This shows that in a particular context of high accumulation of low 
permeability sediments, the emplacement of a reservoir dam can lead, 
after a certain time, to a depletion of groundwater levels instead of in-
crease them.

Increase of the water heights in the reservoir (a and b) or the length 
of the reservoir (2⋅R) increases the hydraulic head and the size of the 
associated groundwater mound. Logically, flows entering the aquifer 
towards the reservoir increase, as wells as those from the aquifer to the 
stream, up- and downstream of the reservoir. Decreasing a, b or R has the 
opposite effect. The water height in the stream (c_av) is also an important 
parameter, which induces modifications in the hydraulic head and 
flows. However, in terms of variations of hydraulic head (Δh) and flow 
variations (ΔFlow) compared to the situation without reservoir this 
parameter does not influence the result, because these are the variations 
in water heights in the watercourse (e.g. the quantity b-c_av) that control 
Δh and ΔFlow. That is why c_av was set to 0 for the Milltown dam 
example. If c_av had been set to 1 m for example and, a and b increased 
by the same amount, result would have been identical.

The geometry of the reservoir-stream system in the developed 

Fig. 11. A dam and a well field on the Gardon d’Anduze river (Tour de Barre Dam, Massillargues-Attuech site, France). a) Location and water-table map in July 2023 
(metres above sea level). b)–e) cross sections of water-table elevation data (grey dots) and modelling tests with different reservoir-aquifer and stream-aquifer lea-
kance parameters (Eq. (15)); see orange dotted lines on a), colour scale is given on d). b) n◦1 parallel to the x-axis at 95 m from the riverbank. c) n◦2 parallel to the x- 
axis at 260 m from the riverbank. d) n◦3 parallel to the y-axis, x = 345 m. e) n◦4 parallel to the y-axis, x = 610 m. R = 415 m, LR = 0, L = 610 m, b = 3.5 m, a = c_av =
1.0 m, i = 0.003, D0 = 5 m, Rr = Rr up = 0 m and 0 ≤ Rr dw ≤ 104 m. Pumping well: xw = 470 m; yw = 200 m and Qp: 250 m3/h. Note: to match the observed water 
levels, a constant corresponding to the elevation of the impervious basement at the centre of the system (108.7 m a.s.L.; x = y = 0) was added to the computed values. 
RMSE: residual mean square error, computed for water-table elevation data (grey dots). (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)

Fig. 12. Variations of hydraulic head (Δh), parallel to the x-axis at the location 
of the well field (y = 220 m). Δh are deduced from the comparison of Eq. (15) to 
the situation without a reservoir. 0 ≤ Rr dw ≤ 103 m, other parameters are given 
in Fig. 11.
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Fig. 13. Comparison between the two methods of linearization (dots: 1st method Eq. (14); lines: 2nd method Eq. (B-5) in Appendix). R = 375 m, i = 0.006, 2.5 ≤ D0 
≤ 100 m, L = 875 m, LR = 250 m, a = c_av = 1 m and b = 4 m, Rr = 200 m and Rr up = Rr dw = 100 m. β: maximum degree of saturation (β = (D − D0)/D0, D computed 
with Eq. (B-5)). a) Variations of hydraulic head (Δh) parallel to the x-axis (y = 300.0 m). b) Variations of hydraulic head (Δh) parallel to the y-axis (x = 300.0 m). 
RMSE_D: standardized square error. Δh are deduced from the comparison of Eq. (14) or Eq. (B-5) to the situation without a reservoir.
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solution is assumed to be triangular or rectilinear (LR = 0). Even if such 
geometries can be characteristic of a large number of field situations, the 
model is probably not suitable for many large reservoirs because of their 
often dendritic shapes. A new model based on the same theoretical 
development can be implemented to address these new situations.

The use of the developed solution is not limited to the case where the 
watercourse (stream-reservoir) system feeds the aquifer. In the case 
where the aquifer feeds the watercourse, the solutions can also be used 
but in this case it will be necessary to express the results in terms of 
variations in hydraulic head or flow variations (i.e., Δh, ΔFlow) to assess 
what impact the emplacement, removal or leveling of a reservoir dam 
will have on the aquifer.

A fundamental assumption of this model is that the watercourse 
system, i.e. the dam reservoir and the stream, fully penetrates the 
aquifer and is separated from the aquifer by a low permeable zone. This 
configuration was used by Hantush (1965) to evaluate the streamflow 
depletion caused by pumping from a well located near a stream with 
low-permeability streambank in the case of a horizontal aquifer. How-
ever, in many situations, the stream may partially penetrate the aquifer 
or be superficial (Butler et al., 2001; Hunt, 2014, etc.). Compared to the 
hydraulic theory of partially penetrating wells, it is reasonable to think 
that in the case of partial penetration of the watercourse, the results of 
the solution developed will be correct for distances to the banks 
approximately five times greater than the thickness of the aquifer. This 
approximation is valid if the ratio between the horizontal and the ver-
tical hydraulic conductivity of the aquifer does not exceed 10. However, 
if the stream is very superficial (negligible penetration), the match of the 
observed data with the developed model should, a priori, tend to over-
estimate the reservoir-stream leakance parameters (Rr, Rr up and Rr dw) to 
counterbalance the low degree of penetration. Future models should 
consider this aspect.

7. Conclusion

This study proposes steady-state semi-analytical solutions for 
assessing the long-term spatial distribution of the rise or decline of the 
hydraulic head in an aquifer caused by a dam reservoir on a watercourse 
or its removal. The aquifer is assumed unconfined, homogeneous, 
slanted and finite. The solutions take into account both the reservoir- 
aquifer interaction and those between the stream and the aquifer up- 
and downstream of the reservoir. The reservoir can have a triangular or 
rectilinear (i.e. aligned with the stream) geometry. The reservoir-stream 
system fully penetrates the aquifer, and is separated from the aquifer by 
semi-pervious banks (Robin condition). Solutions also include the in-
fluence of a pumping well, particularly to assess what the depletion of 
the water level at the well location might be if the dam is removed. This 
has been tested on the well field located near the Tour de Barre Dam 
(Massillargues-Attuech site, France).

The solutions developed are based on the method of fundamental 
solutions (MFS) and this work highlights that this analytical technique is 
useful to overcome the difficulty of finding an analytical solution in 
complex systems. Here, MFS was particularly beneficial in accounting 
variable groundwater-river exchanges along the banks of the reservoir 
and the stream up- and downstream the reservoir. The accuracy of the 
method depends upon the distance between image wells (σ) and their 
distance to the reservoir-stream banks (d′). Sensitivity tests, with and 
without a pumping well, show that the results are reliable for d′/σ ratios 
ranging between 0.7 and 1.0. It is also demonstrated that, without the 
influence of a pumping well, the hydraulic head does not depend strictly 
on aquifer hydraulic conductivity, but on reservoir leakance parameter 
(Rr) and stream leakance parameters up- and downstream of the reser-
voir (Rr up and Rr dw).

The solutions assumed that the rise (or decline) of the water table is 
small in comparison to the initial condition (first linearization method of 

Fig. 14. 3D (half-space) graph of hydraulic-head disturbance created by reservoir dam (Eq. (14)). R = 250 m, i = 0.006, D0 = 10 m, L = 1,250 m, LR =250 m, a =
c_av = 1 m and b = 4 m, Rr = 200 m and Rr up = Rr dw = 100 m. Black contour lines: hydraulic head (in m) and, red contour lines (Δh): difference in hydraulic head 
compared to condition without reservoir (in m). The arrows indicate the direction of groundwater flow. This theoretical example is the one of Fig. 3 (n = 3,000). (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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the partial differential equation); i.e. β = |D − D0|/D0 is small. Tests were 
performed with another formulation of the solution, more complex but 
closer to the exact solution (second method of linearization or h2-lin-
erazation), and results showed that the solution with the first lineari-
zation method is satisfactory when β < 20 %, which agrees with previous 
works. For higher values, results are approximate, but they can be used 
as a preliminary diagnosis. Otherwise, the solution with the second 
method of linearization can be used, nevertheless its computation time is 
multiplied by a factor between 10 and 100, and sometimes more, which 
does not make it useful for most practical cases.

The solution was used to assess the influence of a variety of factors on 
hydraulic head and on in- and outflows to the aquifer at the location of 
the reservoir, and along the stream up- and downstream of the reservoir. 
It is shown that the reservoir and river leakage parameters up- and 
downstream of the reservoir, as well as the geometry of the reservoir 
dam, are the main determining parameters of the extent of the induced 
groundwater mound. Stream-aquifer exchanges up- and downstream of 
the reservoir (Rr up and Rr dw) largely controls the geometry of the 
groundwater mound induced by the infiltration of water from the 
reservoir towards the aquifer. An increase of these exchanges (i.e. 
decrease of Rr up and Rr dw) limits the spatial extension of the ground-
water mound, because more of the water infiltrated from the reservoir 
can return to the stream up- and downstream of the reservoir. 
Conversely, their decrease favors propagating the groundwater mound 
up- and downstream of the reservoir but also laterally, perpendicular to 
the stream, because less flow in the aquifer is captured by the stream. For 
example, for the Milltown Dam (U.S.A.), the variation in hydraulic head 
caused by the removal of the dam propagated several kilometers up- and 
downstream of the dam. The influence of the reservoir leakance 
parameter on hydraulic head has been also tested, and results show that 
in a particular context of high accumulation in the reservoir of low 
permeability sediments (i.e. high Rr values), the emplacement of a 
reservoir dam can lead, after a certain time, to a depletion of ground-
water levels instead of its rise. This is what happened in the Var River 
(France).

The influence of the width of the reservoir (LR) and of the aquifer 
width (L) were also tested. Increasing LR, logically increases the flow 
from the reservoir to the aquifer, and therefore the size of the ground-
water mound particularly downstream of the reservoir. It is also shown 
that for ratios LR/R ≤ 0.1, hydraulic head are almost identical to the case 
where LR = 0 (i.e. reservoir banks aligned with the stream). Therefore, 
for practical applications, an elongated reservoir can be modelled by a 
rectilinear model without introducing significant errors. Increasing L 
allows the flow to propagate further perpendicular to the stream and less 
far along the stream, which causes a decrease of flow from the aquifer to 
the stream, particularly downstream of the reservoir. Therefore, large 
aquifer width (L) caused a less pronounced groundwater mound parallel 

to the stream, but a larger mound perpendicular to it. The influence of 
the other parameters (reservoir length, water heights in the reservoir 
and in the stream) were also discussed.

A fundamental assumption of this model is that the watercourse 
system, i.e. the dam reservoir and the stream, fully penetrates the 
aquifer, which may not be the case in many natural conditions. In this 
case, the solutions developed are foreseen to give correct estimates for 
distances to the banks at least five times greater than the thickness of the 
aquifer. When the watercourse is very superficial (negligible penetra-
tion), the use of the developed model on field data should, a priori, tend 
to increase the reservoir-stream leakance parameters to counterbalance 
the low degree of penetration. Partial penetration of the watercourse 
could be the subject of future analytical works.

A tool with the proposed semi-analytical solutions will soon be 
available on the BRGM website.
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Appendix A 

Expanded forms of the boundary condition (Eq. (10)).
Along the stream, upstream the reservoir (φ = 0, x < − R, y = 0): 
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Along the oblique side of the reservoir (φ = ϑ, − R≤x < R, 0 < y < LR): 
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∂X
− Cosϑ

∂Hj

∂Y
+

1
Rr

Hj

)

=
s0

Rr
+ i⋅Sinϑ

(

1 −
bʹ

R
Rr

)

(A2) 

Along the downstream part of the reservoir (φ = 3π/2, x = R, 0 < y ≤ LR): 

1
2πD0K

∑n

j=1
γj

(
∂Hj

∂X
|x=R −

1
Rr

Hj|x=R

)

= −
b
Rr

+ i
(

1 −
bʹ

R
Rr

)

(A3) 

And along the stream downstream of the reservoir (φ = 0, x > R): 
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1
2πD0K

∑n

j=1
γj

(
∂Hj

∂Y
|y=0 −

1
Rrdw

Hj|y=0

)

= −
c av
Rrdw

(A5) 

Appendix B 

Second method of linearization (h2-linearization) to solve Eq. (1).
Still assuming that the aquifer slope is small (i = tanθ ≈ θ; θ ≤ 0.02), defining Z(x, y) = D2(x, y) − D0

2, and assuming that the quantity b =

0.5(D+D0) is a constant of linearization, the Equation (1) becomes linear in Z and is identical to the solution given by Hantush (1964b) (its Eq. (1b) 
adapted to steady-state condition with the appropriate coordinate system): 

K
(

∂2Z
∂x2 +

∂2Z
∂y2

)

−
i
b

K
∂Z
∂x

= 0 (B1) 

where the constant b is estimated after several successive iterations (Hantush, 1964a, b, 1965), see below.
The fundamental solution to this equation is of the form: 

Z(x, y) =
Q
πK

eαx[K0(R1α) + K0(R2α) ] (B2) 

With α = i/(2b).
The hydraulic head, which replaces Eq. (9), is: 

h(x, y) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

πK
∑n

j=1
γje

α(x− xj)
[
K0

(
Rj,1α

)
+ K0

(
Rj,2α

) ]
+ D0

2

√

− ix =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

πK
∑n

j=1
γjMj

(
x, y, xj, yj

)
+ D0

2

√

− ix (B3) 

And the boundary condition along the stream and the reservoir, which replaces Eq. (10), is: 

1
πK

∑n

j=1
γj

(

Sinφ
∂Mj

∂x
− Cosφ

∂Mj

∂y
+

1
Rr− k

Mj

)

= 2b
(

s0

Rr− k
+ i⋅Sinφ

(

1 −
b’

k
Rr− k

))

(B4) 

Eq. (B-4) is also solves using matrix calculation. It is of the form 
[
γ̃j
]
= [B]⋅[A]− 1 with 

[

γ̃j

]

=
[γj]
πK .

Finally, the hydraulic head, which replaces Eq. (14), becomes: 

h(x, y) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑n

j=1
γ̃je

α(x− xj)
[
K0

(
Rj,1α

)
+ K0

(
Rj,2α

) ]
+ D0

2
√

− ix (B5) 

Evaluations of b and 

[

γ̃j

]

require several successive iterations (Eq. (B-4)). The first evaluation starts, for example, with b = D0 along the stream- 

reservoir banks, which gives first values of 

[

γ̃j

]

, then the saturated thickness D along the stream-reservoir banks is computed with these strengthen 

coefficients by applying a few iterations (Eq. (B-5)). Taking these new values of D for b allows evaluating, after a second evaluation, new values of 

[

γ̃j

]

, 

and soon on. This process is repeated until the values 

[

γ̃j

]

converge. In practice, 5 to 10 iterations are enough, but compared to the solution using the 

first method of linearization (Eq. (14)) its calculation time is multiplied by a factor of between 10 and 100, and sometimes more.

Appendix C. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.jhydrol.2024.131801.
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