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We present the algorithm and the source code of our numerical model to characterize the wettability of a 
three-phase system. Wettability is imperative in describing two-phase flow in subsurface geo-environmental 
applications, including storage of carbon dioxide in deep saline aquifers and groundwater remediation. Although 
the concept of contact angle is widely used to characterize the affinity of a fluid pair with a solid substrate, 
it does not accurately describe wettability alteration due to changes in pH and salinity. The latter arises from 
inter-molecular interactions, which are dominant in the three-phase contact region where the solid, wetting, 
and non-wetting fluids meet each other. We developed a physically-rooted lubrication model for thin films to 
model wettability alteration and replace the concept of contact angle. The model accounts for inter-molecular 
forces, including van der Waals, electric double layer, and hydration potential through a disjoining pressure. 
Unlike other approaches, we introduce a slope-dependent disjoining pressure. We present the implementation 
algorithm and the source code. The model has been thoroughly verified and used to investigate the role of 
salinity and pH on wettability. We find out that the slope-dependent disjoining pressure and the precursor film 
thickness alter the stability of the spreading.
1. Introduction

Multi-phase flow occurs in underground reservoirs such as petro-
leum reservoirs or aquifers. Understanding the flow inside these reser-
voirs helps us to maintain and develop the reservoirs more efficiently. 
One of the key parameters in studying multi-phase flows is wettability, 
which describes the interaction of the different flowing phases with the 
solid substrate [32,46,61]. However, determining the system wettabil-
ity is not a straightforward task as it varies with the different conditions 
of the system including interface velocity [44], pressure [43], salinity 
[29,28] and ion type [8], pH [47], temperature [49] and droplet size 
[14]. In addition, some studies suggest that wettability alteration takes 
place in the reservoir during exploitation; e.g. low-salinity water injec-
tion for enhanced oil recovery [1,41], carbon capture and storage (CCS) 
in saline aquifers [45,59,10], and groundwater remediation [34].

Current approaches to measure wettability through the contact an-
gle are limited because they can not account for the variations in pH, 

✩ The review of this paper was arranged by Prof. Peter Vincent.
* Corresponding author.

salinity, temperature, and pressure unless the measurement is done for 
each specific condition. At the three-phase contact point (TPCP), where 
the solid substrate and two immiscible fluid phases meet each other, 
inter-molecular forces become as important as larger scale effects in-
cluding viscous, surface tension, and gravity forces [7]. These inter-
molecular forces are not considered properly when using the “macro-
scopic” (continuum-scale) contact angle concept. Moreover, a precursor 
liquid film pre-wetting the solid surface after the TPCP has been ob-
served experimentally [52,23], which is not considered in the contact 
angle concept. The precursor film thickness can grow from approxi-
mately 1 nm up to 1 μm [51,23]. In this range of thickness, the effect of 
inter-molecular forces on the film becomes significant. These molecular 
interactions are described with the help of disjoining pressure, Π, that 
varies with the thickness of the film, ℎ [17]. The disjoining pressure 
is due to the overall inter-molecular interaction of the two interfaces 
(i.e., solid/fluid and fluid/fluid interfaces) of the thin film comprising 
of dispersion, electrostatic, and structural components [7]. The disper-
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Nomenclature

Constants

𝑒 elementary charge. . . . . . . . . . . . . . . 1.602176634 × 10−19 C
𝜖0 vacuum permittivity . . . . . . . 8.8541878128 × 10−12 Fm−1

𝑘𝐵 Boltzmann factor . . . . . . . . . . . . . . . . 1.380649 × 10−23 JK−1

𝑔 gravity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9.81ms−2

Electric double layer

𝜓,Ψ electrostatic potential, dimensionless form . . . . . . . . . . . . V
𝜁 zeta potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . V
𝜅 Debye length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m−1

𝜌∞ ionic strength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . molL−1

𝜖 relative permittivity

Lubrication model

𝑢 velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ms−1
𝑝 pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kgm−1 s−2
𝑣𝑠 depth-averaged velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . ms−1
𝜌𝑖 density of phase i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kgm−3

𝑞𝑠 2-D film flow rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2 s−1

𝜇 viscosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kgm−1 s−1
𝜆 slip length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
𝑀 fluid mobility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3 Pa−1 s−1
𝕄 bi-Laplacian pseudo mobility . . . . . . . . . . . . . . . . . . . . m4 s−1
 Laplacian pseudo mobility . . . . . . . . . . . . . . . . . . . . . . . m2 s−1
𝕋 interface shear contribution in the lubrication 

model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2 s−1
𝐶𝑎 capillary number
𝐵𝑜 Bond number

Other symbols

ℙ energy potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kgm−1 s2
𝜃 contact angle
𝜎 interfacial tension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Jm−2

𝑇 temperature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
ℎ film thickness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
ℎ𝑥,ℎ𝑥𝑥 slope and curvature of the film
𝕎,𝑊 free energy, inter-molecular energy . . . . . . . . . . . . . . . . Jm−2

Π disjoining pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . kgm−1 s2
𝐴 Hamaker constant. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J
sion force is usually referred to as Van der Waals (VDW) force since it 
makes up most of VDW force when at least one of the constituents of the 
interaction is non-polar [27]. The dispersion forces arise from the fluc-
tuation of the electromagnetic field in proximity to the interface [15]. 
The electrostatic component of the disjoining pressure, also called the 
electric double layer (EDL) component, is due to the presence of ions 
locally in excess or deficiency in the film while having charged inter-
faces [15]. The structural component of the disjoining pressure, also 
known as non-DLVO force, is due to the orientation and ordering of the 
molecules at the interfaces and several layers of molecules away.

The knowledge of inter-molecular interactions can lead to assess-
ments of the static (or equilibrium) contact angle. Taheriotaghsara 
et al. [48] studied the alteration in wettability of a brine-calcite-oil sys-
tem when changing the salinity of the brine. They observed the change 
in contact angle due to a change in disjoining pressure curves. For a 
similar case, [36] used Navier-Stokes equations in combination with the 
disjoining pressure quantity to obtain the time-scale of the transport of 
ions from the bulk to the contact region. This time scale corresponds to 
the time it can take for a change in wettability by changing the bulk 
salinity. In an experiment, Schwartz et al. [39] measured the contact 
line force in a capillary tube with multiple air bubbles inside, and they 
showed that the solid surface roughness is not the sole cause for contact 
angle hysteresis. Kuchin and Starov [30] developed a theory to model 
the effect of advancing and receding hysteresis by introducing in their 
model disjoining pressure curves with two local minima while not re-
solving any hydrodynamic equations.

Hydrodynamic of thin films can be resolved using diffuse-interface 
models [40], interface formation models [42], and lubrication approxi-

mation models [37,35,12]. The latter can be combined with disjoining 
pressures to include inter-molecular interactions on the thin film [51]. 
Huh and Scriven [26] showed that assuming a pre-deposited film on 
the solid is necessary to uphold the lubrication assumption. Teletzke 
et al. [51] categorized the films into thin-thin film (a few molecules 
diameter thickness) where the dynamic is mainly diffusive, thick-thin 
film (up to a few micrometers) where the effect of disjoining pressure 
is included in a lubrication model and thick film (bigger than a few mi-
crometers) where the effect of disjoining pressure is negligible. They 
also showed that the hysteresis of the contact angle, i.e., the difference 
in values of advancing and receding contact angle, does not only depend 
2

on the surface roughness but also results from an equilibrium-seeking 
behavior of the film. This behavior was studied in the context of film 
stability and rupture [35,6,3] through the linear stability analysis.

A common practice to track the spreading of a droplet using lubri-
cation models is to use disjoining pressures for “flat” thin films [60,2]. 
For example, Wray et al. [57] studied the deposition of coffee rings us-
ing disjoining pressure. They found that applying an external electric 
field enhances or diminishes the ring formation. Barrett and Ajaev [4]
developed a model for considering the evaporation of sessile drops 
spreading in which they highlight a relationship between disjoining 
pressure and evaporation rate by changing the contribution of the elec-
trostatic component of the disjoining pressure. A comprehensive review 
of evaporation for sessile drops can be found in Wilson and D’Ambro-
sio [56]. In such cases, the disjoining pressure only depends on the film 
thickness, Π(ℎ). The observation of non-zero contact angles at the nano-
metric scale, however, contradicts this assumption [9]. This situation is 
particularly true for partially wet systems.

To overcome this limitation, researchers have derived disjoining 
pressure curves for wedge structures mimicking the angle formed by 
the fluid-fluid interface and the solid substrate [58,13,20] and for gen-
eral curved interfaces [55]. It results in disjoining pressures that depend 
on higher-order derivatives of the film thickness, Π(ℎ, ℎ𝑥, ℎ𝑥𝑥). Al-
izadeh Pahlavan [3] studied the effect of disjoining pressure with higher 
derivatives on droplet spreading. Their approach leads to a non-zero 
contact angle at TPCP. However, they used a Lennard-Jones potential 
type for the disjoining pressure to account for repulsive forces, includ-
ing EDL and structural force. The use of appropriate models for the 
said repulsive forces, in addition to the slop-dependent dispersion com-
ponent, is important since it can influence film stability. It can also 
provide the necessary tools to study the effect of fluid properties such 
as salinity and pH on the evolution of film.

In this paper, we investigate the mechanisms occurring in the three-
phase contact region, where inter-molecular interactions play a signif-
icant role. For that, we propose a comprehensive lubrication model 
for thin films that includes inter-molecular interactions through the 
concept of disjoining pressure. In the derivation, we included the de-
pendency of inter-molecular force on the slope of the film to accurately 
model the non-zero slope of the film at the TPCP. This model can assess 
the wettability behavior of a three-phase system and its dependency on 
parameters such as salinity and pH.

The paper is organized as follows. In Section 2, we introduce the 

mathematical model that we developed to investigate moving contact 
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Fig. 1. 2D sketch of the thin wetting film sandwiched in between the solid substrate and the non-wetting fluid. Both inter-molecular interactions and fluid flow exert 
an excess stress – with a normal (Π) and a tangential (𝜏) component – on the fluid-fluid interface. The inter-molecular interaction in the film can be expressed as a 
normal stress on the boundary of the film.
lines. In Section 3, we detail our numerical strategy to solve the lubri-
cation model for thin film. In Section 4, we present simulations of the 
spreading of droplets. We start with two validation cases to verify the 
robustness of the numerical implementation. Then, we use the lubri-
cation model combined with disjoining pressure model to investigate 
wettability alteration due to a change in pH and salinity. Finally, we 
close our manuscript with a summary and perspectives.

2. Mathematical model

In this section, we introduce our mathematical model to simulate 
the spreading of droplets. It consists of a lubrication model for thin films 
(Section 2.2) that includes inter-molecular interactions described with 
the help of disjoining pressure concept (Section 2.3) and discretized 
using the finite difference method (Section 3).

2.1. Free energy for thin film

Let’s consider a two-dimensional (2D) film of thickness, ℎ(𝑥), vary-
ing along the 𝑥 direction as illustrated in Fig. 1. As the film is not a flat 
surface, we define the slope as the space derivative, ℎ𝑥 =

𝜕ℎ

𝜕𝑥
. The free 

energy of the film, 𝕎 (J m−2), includes the surface tension and gravity 
effects as well as the inter-molecular interaction effects,

𝕎
(
ℎ,ℎ𝑥

)
= 𝜎

√
1 + ℎ2𝑥 + 𝜎𝑆𝐿 − 𝜎𝑆𝑉 + 1

2
𝜌𝑔ℎ2 +𝑊 (ℎ,ℎ𝑥), (1)

where 𝜎
√

1 + ℎ2𝑥 is the surface tension energy of two fluid phases, 𝜎𝑆𝐿
and 𝜎𝑆𝑉 are the surface energies of solid with the two fluid phases, 
1
2𝜌𝑔ℎ

2 is the gravitational energy, and 𝑊 is the inter-molecular energy 
that is described in detail in the next section. Surface and gravitational 
energies represent macroscopic effects, while inter-molecular energy 
describes microscopic interactions. Note that in the long-wave approxi-
mation, the slope of the fluid-fluid interface is small (ℎ𝑥 ≪ 1), and using 
Taylor series 

√
1 + ℎ2𝑥 ≈ 1 + ℎ2𝑥

2 .

In practice, we define the energy potential, ℙ 
(
ℎ,ℎ𝑥,ℎ𝑥𝑥

)
, obtained 

using the variational derivative of the free energy with respect to height,

ℙ
(
ℎ,ℎ𝑥,ℎ𝑥𝑥

)
= 𝛿𝕎
𝛿ℎ

=
(
𝜕𝕎
𝜕ℎ

− 𝜕

𝜕𝑥

(
𝜕𝕎
𝜕ℎ𝑥

))
. (2)

As the disjoining pressure, Π, is minus the variational derivative of 
the inter-molecular free energy, Π 

(
ℎ,ℎ𝑥,ℎ𝑥𝑥

)
= − 𝛿𝑊

𝛿ℎ
, (see more details 

in Section 2.3) then the film potential,( ) 𝜕2ℎ ( )

3

ℙ ℎ,ℎ𝑥,ℎ𝑥𝑥 = −𝜎
𝜕𝑥2

+ 𝜌𝑔ℎ−Π ℎ,ℎ𝑥,ℎ𝑥𝑥 , (3)
depends on the surface tension force where ℎ𝑥𝑥 =
𝜕2ℎ
𝜕𝑥2

is the interface 
curvature, on the gravity potential, and on the inter-molecular forces.

2.2. Lubrication model for thin films

Our model relies on the lubrication approximation to simulate the 
spreading of a droplet. Lubrication approximation is a reduced-order 
model of Navier-Stokes equations in which one dimension – the film 
thickness – is smaller than the other two (see Fig. 1). The evolution 
equation for the film thickness, ℎ, is obtained by integrating the Navier-
Stokes equations over the film thickness [37]. In this paper, we consider 
a two-dimensional system that reduces into a one-dimensional (1D) 
evolution equation. Extrapolation to three-dimensional systems follows 
similar developments. The integration of the mass balance equation 
reads,

𝜕ℎ

𝜕𝑡
+
𝜕𝑞𝑠

𝜕𝑥
= 0, (4)

where ℎ (𝑥) is the film thickness (in m), 𝑞𝑠 = ℎ𝑣𝑠 is flow rate within 
the film (in m2/s), and 𝑣𝑠 is the depth-averaged film velocity (in m/s). 
The latter is obtained by integrating the Stokes momentum equation 
between two parallel interfaces and using the long-wave approxima-
tion (i.e., the wavy aspect of the fluid-fluid interface is negligible with 
respect to the size of the system). The driving force magnitude is a 
pressure-like gradient, 𝜕ℙ∕𝜕𝑥, that accounts for gravity, interface cur-
vature, and inter-molecular forces, as we will see later on. The final 
form of 𝑣𝑠 strongly depends on the fluid-solid (e.g., no-slip or partial 
slip, 𝜆) and fluid-fluid boundary conditions (e.g., free surface or mutual 
shear-stress, 𝜏). A generic form of the resulting mass flow rate reads,

𝑞𝑠 = −𝑀(ℎ)𝜕ℙ
𝜕𝑥

+ 𝕋 (ℎ), (5)

where 𝑀(ℎ) is the fluid mobility (in m3

Pa.s
), 𝕋 (ℎ) (in m2/s) accounts for 

mutual shear stress at the fluid-fluid interface, and for space variations 
of the surface tension, and ℙ is the pressure (in Pa) within the film. 
Expressions of 𝑀(ℎ) and 𝕋 (ℎ) are provided in Table 1 for various fluid-
fluid and fluid-solid conditions. The mobility term, 𝑀 , depends on the 
fluid-solid boundaries. The standard formula, 𝑀(ℎ) = ℎ3

3𝜇 , corresponds 
to cases in which the wetting fluid has a no-slip behavior at the solid 
surface. Such a mobility expression, however, tends towards zero if the 
film thickness is zero, leading to an ill-posed equation, and requires 
to account for a precursor film – artificial or real – that always wets 
the solid surface [19]. A Navier slip describing the fluid-solid boundary 
condition can circumvent this issue where 𝑢|𝑦=0 = 𝜆 𝜕𝑢

𝜕𝑦

|||𝑦=0. The mo-
bility is, then, modified to account for the Navier slip length, 𝜆. When 
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Table 1

Mobility for fluid-solid interface and the stress bound-
ary condition for fluid-fluid interface term in the lubri-
cation model.

Mobility, 𝑀(ℎ) 𝕋 (ℎ)

No slip ℎ3

3𝜇
ℎ2

2𝜇

(
𝜕𝜎

𝜕𝑥
+ 𝜏

)
Navier slip 1

𝜇

(
ℎ3

3
+ 𝜆ℎ2

)
1
𝜇

(
ℎ2

2
+ 𝜆ℎ

)(
𝜕𝜎

𝜕𝑥
+ 𝜏

)

considering free surfaces, e.g., a droplet of oil surrounded by air, the 
hydrodynamic of the fluids is decoupled, and the shear stress in 𝑇 (ℎ)
is 𝜏 = 0. Note that this hypothesis is no longer true for fluid pairs of 
moderate viscosity ratio [38]. In this case, it is necessary to couple the 
lubrication model with a Navier-Stokes based solver that computes the 
hydrodynamics within the non-wetting phase, and, therefore, the mu-
tual shear-stress, 𝜏 [2].

Finally, combining the mass balance (Eq. (4)) with the mass flow 
rate in the film (Eq. (5)) and the energy potential equation (Eq. (3)), 
the evolution equation of the film thickness reads [35,3,33]:

𝜕ℎ

𝜕𝑡
= 𝜕

𝜕𝑥

(
𝑀(ℎ) 𝜕

𝜕𝑥

(
−𝜎 𝜕

2ℎ

𝜕𝑥2
+ 𝜌𝑔ℎ−Π

(
ℎ,ℎ𝑥

))
− 𝕋 (ℎ)

)
. (6)

This is the equation that is solved numerically in this paper (see Sec-
tion 3). The challenge is two-fold: first, the bi-Laplacian operator as-
sociated with the interface curvature is a fourth-order space derivative 
that necessitates dedicated treatment, and second, the equation is non-
linear.

2.3. Inter-molecular interactions and disjoining pressure

In thin films and at the vicinity of the three-phase contact region, 
the thickness of the wetting fluid becomes comparable with the range 
of inter-molecular interactions described through the concept of disjoin-
ing pressure (Π). The latter is evaluated through the knowledge of the 
dispersion (Van der Waals, Π𝑉 𝐷𝑊 ), electrostatic (Electric Double Layer, 
Π𝐸𝐷𝐿), and structural (Π𝑠𝑡𝑟) components [16]:

Π=Π𝑉 𝐷𝑊 +Π𝐸𝐷𝐿 +Π𝑠𝑡𝑟. (7)

The combination of Van der Waals and Electric Double Layer inter-
actions is also known as the DLVO interaction (short for Derjaguin, 
Landau, Verwey and Overbeek [18,53]). The structural or steric com-
ponent of the disjoining pressure is related to the structure and the 
molecules’ orientation close to the interface. All types of interactions 
mentioned previously are long-range interactions, i.e. their amplitude 
varies with the film thickness, ℎ. Because films are not always paral-
lel to the solid substrate, we will see that the inter-molecular forces can 
be slope-dependent (i.e., they vary with ℎ𝑥 as well). In practice, we use 
the inter-molecular free energy, 𝑊 , instead of the disjoining pressure 
to provide a more general equation. We have,

𝑊 =𝑊𝑉𝐷𝑊 +𝑊𝐸𝐷𝐿 +𝑊𝑠𝑡𝑟. (8)

The disjoining pressure is obtained from energy (𝑊 ) using the varia-
tional derivative,

Π(ℎ,ℎ𝑥) = − 𝛿𝑊
𝛿ℎ

= −
(
𝜕𝑊

𝜕ℎ
− 𝜕

𝜕𝑥

(
𝜕𝑊

𝜕ℎ𝑥

))
. (9)

In the following, we introduce the different components used in this 
article to model the spreading of a droplet.

2.3.1. Van der Waals

The dispersion component of the disjoining pressure is due to the 
polarization of atoms and molecules and exists for even non-polar 
molecules. It is described by the Van der Waals (VDW) energy. The 
4

VDW potential is often obtained for parallel interfaces and depends only 
Computer Physics Communications 298 (2024) 109114

Fig. 2. The ions in the wetting film will get adsorbed on the interfaces with the 
solid and non-wetting fluid, and the counter-ions form a distribution in response 
to charges on the interface. The zeta-potential 𝜁 is the electrostatic potential 
measured at a distance away from the interface (Stern layer thickness).

on the film thickness. For non-uniform films with arbitrary surfaces, in-
cluding wavy films, however, it also depends on higher derivatives of 
the film thickness, including slope and interface curvature [55]. The 
same is true for partially wet systems and small contact angles. Based 
on the work of Wu and Wong [58], Dai et al. [13] derived a VDW inter-
action energy that depends not only on the film thickness but also on 
the slope of the interface. It reads,

𝑊𝑉𝐷𝑊 = −𝐴123

(
1

12𝜋ℎ2
+

ℎ2𝑥

16𝜋ℎ2

)
, (10)

where 𝐴123 = 𝐴22 −𝐴12 −𝐴23 +𝐴13 is the Hamaker constant. The in-
dices 1, 2, 3 refer respectively to solid, wetting, and non-wetting fluid. 
Hamaker constant encompasses the polarizability and number density 
of the constituents. In the limit of thin films (ℎ𝑥 → 0), Eq. (10) tends to-

ward the classical form of Van der Waals energy, 𝑊𝑉𝐷𝑊 = −𝐴123
12𝜋ℎ2 , that 

is derived formally for parallel interfaces of a thin film in contact with 
the vapor [27]. The corresponding disjoining pressure obtained with the 
variational derivative is, Π𝑉 𝐷𝑊 (ℎ, ℎ𝑥) = −𝐴123

(
4−3ℎ2𝑥+3ℎℎ𝑥𝑥

)
24𝜋ℎ3 , that tends 

towards Π𝑉 𝐷𝑊 (ℎ) = −𝐴123
6𝜋ℎ3 for negligible slope.

2.3.2. Electric double layer

The electrostatic component of the disjoining pressure is due to the 
interaction of ion species in the thin film with the fluid-solid and fluid-
fluid interfaces. Ions are adsorbed on the interface surrounding the film 
(or repelled from it), which makes it electrostatically charged (Fig. 2). 
The counter-ions form a distribution in response to the charge of the in-
terface. The distribution of counter-ions in the film, in addition to the 
interaction of the interfaces themselves with each other, creates an ex-
cess pressure that is called the electric double layer (EDL). Actually, 
there are two electric double layers – one for each interface bound-
ing the wetting film – characterized by the electrostatic potential, 𝜓𝑖
(in Volt), often assimilated to the zeta-potential, 𝜁𝑖 that is defined as 
the electrostatic potential at the shear (or slipping) plane when wetting 
fluid flow occurs on the substrate. The range of interaction of EDL is 
characterized by the Debye-Hückel reciprocal length (in m−1),

𝜅2 =
𝜌∞𝑒

2

𝜖𝜖0𝑘𝐵𝑇
, (11)

where 𝜌∞ is the ionic strength in the bulk times the Avogadro number 
(in mol

liter
), 𝑘𝐵 is the Boltzmann constant (in J

K ), 𝑇 is temperature (in K), 
𝑒 is unit charge (in C), 𝜖 is relative permittivity of the fluid and 𝜖0 is the 
permittivity of vacuum (in Fm ).

The EDL variation with respect to the film thickness is obtained by 
first specifying how the adsorbed charges on the interface are affected 
by the thin film thickness. For an oil-brine-calcite system, Taheriotagh-
sara et al. [48] by comparison of experimental measurements of contact 

angle and their results obtained with the disjoining pressure calcula-
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tion, concluded that the assumption of constant charge on the oil-brine 
interface and constant electrostatic potential on the brine-calcite inter-
face, as the thickness of the film of brine the changes provides the best 
match. Here, we consider constant charge in the film as the thickness of 
the film varies. Gregory [22] derived the EDL potential free energy for 
two parallel plates with constant charge in the film:

𝑊𝐸𝐷𝐿 =
2𝜌∞𝑘𝐵𝑇

𝜅

[
2Ψ̄ ln

𝐵 + Ψ̄coth𝜅ℎ∕2
1 + Ψ̄

− ln
(
Ψ̄2 + cosh𝜅ℎ+𝐵 sinh𝜅ℎ

)
+ 𝜅ℎ

]
,

(12)

where Ψ𝑖 =
𝑒𝜓𝑖
𝑘𝐵𝑇

is the reduced electrostatic potential of the interface 

with solid (𝑖 = 1) and with the non-wetting fluid (𝑖 = 2), Ψ̄ = Ψ1+Ψ2
2 is 

the average potential, and 𝐵 =
√

1 + Ψ̄2 csch2 𝜅ℎ∕2. The corresponding 
disjoining pressure EDL component is

Π𝐸𝐷𝐿 (ℎ) = 𝜌∞𝑘𝐵𝑇
[
2𝐵 −

(Ψ1 −Ψ2)2 exp (−𝜅ℎ)
𝐵2 − 2

]
. (13)

Other EDL potentials can be derived by integrating the Poisson-
Boltzmann equation with boundary conditions including constant 
charge, constant potential, and mixed-conditions [36]. The lubrication 
model for thin films that we introduce in this paper is generic, and all 
kinds of EDL potential can be used.

2.3.3. Structural component

In this article, the structural – or steric – component is considered a 
repulsive hydration force that decays monotonically with distance. We 
have,

𝑊𝑠𝑡𝑟 (ℎ) =𝑤0𝑒
− ℎ
𝜆0 , (14)

where 𝑤0 is the amplitude of the hydration in the order of 3 − 30 ×
10−3Jm−2, and 𝜆0 is the decay length-scale in the order of 0.6 − 1.1 nm
[27]. Note that the hydration force changes with different types of 
cations solved in the water [27]. The corresponding disjoining pressure 

component is, Π𝑠𝑡 (ℎ) =
𝜔0
𝜆0
𝑒
− ℎ
𝜆0 .

2.4. Film stability criteria

Films can be destabilized and rupture. A stability criterion for the 
lubrication equation, Eq. (6), is obtained using a linear stability analy-
sis along the same lines as the work of Oron et al. [35]. It is achieved 
by applying a perturbation to a uniform solution, ℎ′ = exp (𝑖𝑘𝑥+𝑤𝑡), 
where 𝑘 is the wave number of the perturbation, and 𝑤 is the pertur-
bation frequency. By carrying out the derivative and setting the limit of 
the perturbation, ℎ′ → 0, the condition for the decay of the perturba-
tion and the film stability is:

𝑘2
(
𝜎 + 𝜕Π

𝜕ℎ𝑥𝑥

)
+ 𝜌𝑔 + 𝜕Π

𝜕ℎ
> 0. (15)

This criterion means that the stability depends on the wave number 
of the perturbation. If the disjoining pressure is only a function of h, 
meaning the contact angle is close to zero, we recover the film stability 
condition derived by Oron et al. [35]:

𝜌𝑔 + 𝜕Π
𝜕ℎ

> 0. (16)

A uniform deposited film can be the result of the adsorption of the wet 
phase on the solid surface before the spreading of the droplet and is 
dynamically stable. However, the rupture of the film discussed on this 
article is mainly due to the perturbation at the contact point when a 
droplet is placed on the film.

Based on this criterion and unless specified otherwise, the simula-
5

tions of a spreading droplet will be set up with a precursor film that wet 
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the solid substrate during the droplet spreading and whose thickness, 𝑏, 
is large enough to avoid thinning of the film leading to premature rup-
ture. However, as the spreading continues, the thickness of the film 
might change at TPCP and fall in the unstable region.

3. Numerical implementation

The lubrication equation for thin films is solved in a one-dimensional 
horizontal solid surface to investigate the spreading of a droplet and the 
impact of wettability conditions. This is achieved by discretizing a non-
dimensionalized lubrication equation with the Finite-Difference Method 
and solving it with an in-house MATLAB program.

3.1. Non-dimensionalization of the lubrication model for thin films

Expanding the disjoining pressure terms and using the chain 
rule, 𝜕Π𝑉 𝐷𝑊 (ℎ,ℎ𝑥,ℎ𝑥𝑥)

𝜕𝑥
=
(
𝜕Π𝑉 𝐷𝑊
𝜕ℎ

)
𝜕ℎ

𝜕𝑥
+
(
𝜕Π𝑉 𝐷𝑊
𝜕ℎ𝑥

)
𝜕2ℎ
𝜕𝑥2

+
(
𝜕Π𝑉 𝐷𝑊
𝜕ℎ𝑥𝑥

)
𝜕3ℎ
𝜕𝑥3

=

− 𝐴123
2𝜋ℎ4

(
1 − 3

4ℎ
2
𝑥 − ℎℎ𝑥𝑥

)
ℎ𝑥 + 𝐴123

8𝜋ℎ2 ℎ𝑥𝑥𝑥, the lubrication equation

(Eq. (6)) is recast into,

𝜕ℎ

𝜕𝑡
= 𝜕

𝜕𝑥

[
𝕄(ℎ)𝜕

3ℎ

𝜕𝑥3

]
+ 𝜕

𝜕𝑥

[
(ℎ)𝜕ℎ

𝜕𝑥

]
− 𝜕𝕋 (ℎ)

𝜕𝑥
, (17)

where the pseudo-mobility terms for the bi-Laplacian and Laplacian are,

𝕄(ℎ) = −𝑀(ℎ)
[
𝜎 −

𝐴123

8𝜋ℎ2

]
,

(ℎ) =𝑀(ℎ)
[
𝜌𝑔 −

𝐴123

2𝜋ℎ4
(
1 − 3

4
ℎ2𝑥 + ℎℎ𝑥𝑥

)
−
𝜕Π𝐸𝐷𝐿
𝜕ℎ

−
𝜕Π𝑠𝑡
𝜕ℎ

]
.

(18)

The dimensionless evolution equation for the film thickness is ob-
tained by introducing the scaling length and time, 𝑥∗, ℎ∗, and 𝑡∗. We 
substitute ℎ = ℎ̃ℎ∗, 𝑥 = �̃�𝑥∗ and 𝑡 = 𝑡𝑡∗ into Eqs. (17)-(18) where ∼ de-
notes the non-dimensional variables. Using the characteristic time-scale 

𝑡∗ =
3𝜇𝑥40
𝜎ℎ30

, we obtain,

𝜕ℎ̃

𝜕𝑡
= 𝜕

𝜕�̃�

[
�̃�(ℎ̃)𝜕

3ℎ̃

𝜕𝑥3

]
+ 𝜕

𝜕�̃�

[
̃(ℎ̃)𝜕ℎ̃

𝜕𝑥

]
−𝐶𝑇

𝜕�̃� (ℎ̃)
𝜕�̃�

, (19)

and the dimensionless pseudo-mobility terms are:

�̃�(ℎ̃) = −𝑀(ℎ̃)
[
1 −

𝐶𝑉𝐷𝑊 𝜀
2

4ℎ̃2

]
̃(ℎ̃) =𝑀(ℎ̃)

[
𝐵𝑜 −

𝐶𝑉𝐷𝑊

ℎ̃4

(
1 − 3

4
𝜀2ℎ̃2�̃� + 𝜀

2ℎ̃ℎ̃𝑥𝑥

)
−𝐶𝐸𝐷𝐿

𝜕Π̃𝐸𝐷𝐿
𝜕ℎ̃

−𝐶𝑠𝑡
𝜕Π̃𝑠𝑡
𝜕ℎ̃

]
,

(20)

where the Bond number is 𝐵𝑜 =
𝜌𝑔𝑥20
𝜎0

, the dimensionless coefficients for 

the disjoining pressure potentials are 𝐶𝑠𝑡 =
𝜔0𝑥

2
0

𝜆20𝜎
, 𝐶𝐸𝐷𝐿 =

𝜌∞𝑘𝐵𝑇𝜅𝑥
2
0

𝜎
, 

and 𝐶𝑉𝐷𝑊 =
𝐴123𝑥

2
0

2𝜋ℎ40𝜎
and the coefficient for shear stress term corre-

sponds to the viscosity ratio between the non-wetting and the wetting 
fluids, 𝐶𝑇 = 𝜇nw

𝜇w
. The size aspect ratio is 𝜀 = ℎ0

𝑥0
. The dimensionless mo-

bility is found in Table 2.

3.2. Discretization

We obtain a system of linear equations using finite difference dis-
cretization for each point of the domain between two successive time-

steps. The set of equations to be solved has the form:
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Table 2

Dimensionless mobility and the stress boundary condi-
tion term in the lubrication model.

Fluid-solid boundary 𝑀(ℎ̃) 𝕋 (ℎ̃)

No-slip ℎ̃3
ℎ̃2

2

(
�̃��̃� + 𝜏

)
Navier slip ℎ̃3 + 3�̃�ℎ̃2

(
ℎ̃2

2
+ �̃�ℎ̃

)(
�̃��̃� + 𝜏

)

ℎ𝑡+1
𝑖

− ℎ𝑡
𝑖

Δ𝑡𝑡
+ 𝜃

(
𝑛=2∑
𝑛=−2

𝑎𝑛ℎ𝑖+𝑛

)𝑡+1

+ (1 − 𝜃)

(
𝑛=2∑
𝑛=−2

𝑎𝑛ℎ𝑖+𝑛

)𝑡

= 0. (21)

This discretization is second-order in space (central difference) and 
second-order in time because we use the Crank–Nicolson method with 
𝜃 = 1

2 . The evolution equation for the film thickness comprised a 
second-order differentiation for the gravity and height-dependent inter-
molecular potential and a fourth-order differentiation for the curvature 
and slope-dependent inter-molecular potential. The discretization of the 
fourth-order differential term in Eq. (17) for a uniform mesh spacing is:

𝜕

𝜕𝑥

[
𝕄(ℎ)𝜕

3ℎ

𝜕𝑥3

]
=𝕄𝑖+1∕2

ℎ𝑖+2 − 3ℎ𝑖+1 + 3ℎ𝑖+1 − ℎ𝑖+1
(Δ𝑥)4

−𝕄𝑖−1∕2
ℎ𝑖+1 − 3ℎ𝑖 + 3ℎ𝑖−1 − ℎ𝑖−2

(Δ𝑥)4
,

(22)

and discretization of the second-order differential term in Eq. (17) using 
finite-difference method (FDM) with a central difference is:
𝜕

𝜕𝑥

[
(ℎ)𝜕ℎ

𝜕𝑥

]
=𝑖+1∕2

ℎ𝑖+1 − ℎ𝑖
(Δ𝑥)2

−𝑖−1∕2
ℎ𝑖 − ℎ𝑖−1
(Δ𝑥)2

, (23)

Here, we only mention the expressions for the uniform spacing one-
dimension mesh. However, the equation can be rewritten for any arbi-
trary spacing. This is what we have done to implement Adaptative Mesh 
Refinement techniques.

To ensure the positivity of the solution for all film thicknesses and 
the convergence of the scheme, we used the modification introduced 
in Zhornitskaya and Bertozzi [62], Diez et al. [19] as the regulariza-
tion of the mobility term. The regularization comprised of imposing a 
precursor film on the domain ℎ(𝑥, 0) → ℎ(𝑥, 0) + 𝑏 and a modification 
for mobility term. This film is initially perceived as a numerical arti-
fact to perform the simulation since a film thickness of zero will impose 
problems for the simulation by rendering the mobility term zero at the 
TPCP. However, when we are performing the simulation considering 
the inter-molecular forces, then the film thickness gains physical mean-
ing, and the value is inferred by the disjoining pressure curve and its 
derivative. After lifting up the initial solution, the mobility term for the 
fourth-order differentiation undergoes a regularization [19]:

𝕄∗(ℎ) = 𝕄(ℎ)ℎ4

𝑏𝑎𝕄(ℎ) + ℎ4
. (24)

Interpolation of the mobility term on the cell faces for the fourth-order 
differentiation is done as:

𝕄𝑖+1∕2 =

{
ℎ𝑖+1−ℎ𝑖
𝑔𝑖+1−𝑔𝑖

ℎ𝑖+1 ≠ ℎ𝑖
𝕄(ℎ𝑖) ℎ𝑖+1 = ℎ𝑖

and 𝑔 = ∫ 𝑑ℎ

𝕄(ℎ) , (25)

meanwhile, the interpolation of mobility for the second-order differen-
tial terms is the arithmetic mean:

𝑖+1∕2 =
(ℎ𝑖) +(ℎ𝑖+1)

2
. (26)

3.3. Mesh and adaptive mesh refinement

In order to obtain accurate results, the mesh size in the vicinity of 
TPCP should be in the same order of magnitude as the precursor film 
thickness. This is because the film thickness used in the mobility term 
becomes small and comparable with the precursor film. Therefore, we 
6

used a non-uniform mesh, which is coarse in most parts of the domain 
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and gets finer close to the TPCP. As the TPCP location changes with the 
film spreading, we implemented an adaptative mesh refinement (AMR) 
scheme to follow the movement of TPCP and dynamically refine the 
mesh close to the contact point. When the mesh is modified, new nodes 
are created with unknown values for the thickness. We use linear inter-
polation to find the value for the film thickness on these points.

3.4. Solution algorithm

The simulation starts with creating a mesh over the initial droplet 
profile. We set a symmetric condition for the center of the droplet, and 
we specify 𝜕ℎ

𝜕𝑥
= 0 and 𝜕

3ℎ
𝜕𝑥3

= 0 at the other end of the 1D domain to 
describe an infinite boundary. Then, the coefficient matrix of the linear 
system is populated using the mobility values.

The calculation of the inter-molecular terms in the mobility terms in 
Eq. (17) is done explicitly since they contain nonlinear terms. Therefore, 
we imposed a loop for each time step to make sure the error caused by 
this implementation is smaller than a set criterion (10−8). If the criteria 
can’t be reached within a finite number of iterations, the time-stepping 
is reduced. In order to speed up the simulation, the time interval in-
creases as the simulation progress, and it is constrained by maintaining 
𝑚𝑎𝑥(𝑒𝑟𝑟𝑜𝑟𝑖) < 10−2 calculated by

𝑒𝑟𝑟𝑜𝑟 ≈ 2Δ𝑡

Δ𝑡−1
Δ𝑡−1ℎ𝑡+1 + Δ𝑡ℎ𝑡−1 − (Δ𝑡−1 + Δ𝑡)ℎ𝑡

(Δ𝑡−1 + Δ𝑡)ℎ𝑡
, (27)

where Δ𝑖 is the time-step at time 𝑖.
The flowchart of the algorithm written in MATLAB is illustrated in 

Fig. 3. It contains an inner loop for the convergence of the mobility in-
terpolation terms and an outer loop for the advancement of time. The 
time-stepping is dynamic and is controlled by different criteria men-
tioned earlier. The simulation will stop if it reaches the designated end 
time or if the time-stepping becomes too small.

4. Results

In this section, we present and discuss the simulation of the spread-
ing of a droplet using our lubrication model for thin film combined 
with disjoining pressure model. The two first cases (Sections 4.1 and 
4.2) compare our model with reference solutions of an oil droplet sur-
rounded by air spreading on a solid substrate to verify the robustness of 
the numerical implementation. Then, we investigate the effect of wet-
tability alteration on the spreading of a film with different salinity and 
pH (Section 4.3), where we study the spreading of water on carbonate 
surface in presence of oil.

4.1. Evolution of films driven by curvature

The objective of this case is to verify the fourth-order derivative 
discretization with adaptive mesh refinement (AMR) in the lubrication 
equation and its numerical implementation. One-dimensional spreading 
of a droplet only driven by surface tension effects is compared with a 
self-similar analytical solution. This solution exists for a mobility term 
𝑀(ℎ) = ℎ, and the curvature as the only driving force, [19], hence this 
solution is for the free energy density of the system

𝕎 = 𝜎
(
1 + 1

2
ℎ2𝑥

)
. (28)

For a (dimensionless) droplet of height ℎ = 1 and radius 𝑥 = 1, cen-
tered on the coordinate 𝑥 = 0, and whose initial shape is given by,

ℎ (𝑥, 𝑡 = 0) =

{[
1 − 𝑥2

]2
if |𝑥| ≤ 1,

0 elsewhere,
(29)
the self-similar evolution is
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Fig. 3. The flowchart for the algorithm written in MATLAB to numerically solve 
the film thickness evolution equation.

ℎ (𝑥, 𝑡) =
⎧⎪⎨⎪⎩
(1 + 120𝑡)−1∕5

[
1 −

(
𝑥

𝑥𝑓 (𝑡)

)2
]2

if |𝑥| ≤ 𝑥𝑓 (𝑡),
0 elsewhere,

(30)

and 𝑥𝑓 (𝑡) = (1 + 120𝑡)1∕5 is the radius of the droplet versus time.
The numerical model consists of a 𝑥 = 8 cm long 1D domain. The 

droplet is deposited on top of a precursor film of thickness 𝑏 to ensure 
positive values of the film thickness. The droplet boundaries are at 𝑥 =
±2 cm and the initial condition for the film in the lubrication model 
is given by Eq. (29) by setting the dimensionless length and height as 
𝑥∗ = 10ℎ∗ = 2 cm. In all the numerical simulations, the time stepping 
is dynamic and ensures the criteria in Eq. (27), while the maximum 
dimensionless time-stepping is set to 10−6.

In Fig. 4a, we compare the spreading of the droplet obtained using 
the lubrication simulation for 𝑏 = 0.001 × ℎ∗ and AMR with the self-
similar solution. The droplet spreads under the action of the surface 
tension. The droplet radius and the maximum height of the droplet are 
plotted in Fig. 4b. In Fig. 4c, we compare the mean square error (given 
by 1

𝑛

∑𝑛
𝑖=1

(
ℎ𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 − ℎ𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛

)2
) for a uniform mesh with spacing as 

small as 𝑏 and the AMR mesh. The mean square error becomes smaller 
as 𝑏 decreases. In addition, the error ceases to increase at later times 
(> 10 s) for small enough values of 𝑏 (around 0.001 ×ℎ∗). The advantage 
of using AMR with respect to a uniform grid is the fewer grid points 
and faster simulation. For example, in the case where 𝑏 = 0.001 × ℎ∗, a 
uniform grid has five times more points than the AMR. Meanwhile, the 
7

simulation took 22 times longer.
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Table 3

Fluid properties used in Section 4.2 to simulate 
the spreading of a droplet driven by curvature and 
gravity.

phase density viscosity surface tension
kg m−3 Pa s N m−1

silicon oil 968 0.2
0.021

air 1 1 × 10−6

The results are in very good agreement with the reference solu-
tion, which confirms the strength of the bi-Laplacian discretization with 
AMR.

4.2. Spreading of a droplet driven by curvature and gravity

The objective of this case is to verify the implementation of both 
gravity and curvature in the lubrication model. As there is no analytical 
solution for such a case [19], the verification is achieved by comparing 
the spreading of droplets obtained with the lubrication model and a 
Volume of Fluid approach. The latter is a Navier-Stokes-based interface 
capturing approach that is used as a reference solution to verify the 
relevance of the reduced-order lubrication model.

We consider a droplet of silicon oil surrounded by air. Fluid prop-
erties are summarized in Table 3. The initial shape of the droplet is a 

semi-ellipsoid described by 
(
𝑥

𝑥∗

)2
+
(
𝑦

ℎ∗

)2
= 1 where 𝑥∗ = 2 cm, 𝑦∗ =

0.2 cm. The aspect ratio of the initial shape is consistent with the hy-
pothesis of the lubrication model – i.e., the film thickness is much 
smaller than the other dimension – which allows for a fair compar-
ison between the two approaches. To focus on the effect of curvature 
and gravity avoiding challenges associated with the three-phase contact 
line, we consider a 20 μm (0.01ℎ∗) thick silicon oil film at the surface of 
the solid substrate. At the time 𝑡 = 0, the droplet spreads under the ac-
tion of gravity and surface tension. Navier-Stokes simulation provides a 
two-dimensional mapping of the fluid evolution onto the computational 
domain. This mapping is then depth-averaged to form a reference film 
thickness profile that is compared with the solution of the lubrication 
model.

In the lubrication model, the free energy density is

𝕎 = 𝜎
(
1 + 1

2
ℎ2𝑥

)
+ 𝜌𝑔ℎ2

2
, (31)

and the mobility is 𝑀(ℎ) = ℎ3

3𝜇 . The fluid-fluid interface is considered 
a free surface because the shear stress of air onto the oil droplet is 
negligible, and we have 𝕋 (ℎ) = 0. The Bond number and the time scale 
used in the simulation are 𝐵𝑜 = 180, and 𝑡0 = 1∕580. This corresponds 
to a one-dimensional domain of 4 cm and a gravity field, 𝑔 = 9.8 m s−2. 
The domain is discretized with non-uniform grid blocks, and AMR is 
used during the simulation at the tip of the droplet.

The Navier-Stokes reference solution is obtained using the Volume 
of Fluid solver of the Computational Fluid Dynamics open-source pack-
age OpenFOAM (https://www .openfoam .org), namely interFoam solver. 
The Volume of Fluid solves for the Navier-Stokes mass balance and mo-
mentum equations in both fluid phases as well as the evolution of the 
fluid distribution, 𝛼 [24]. Surface tension effects due to interface cur-
vature are described using Brackbill’s force [5]. The computational do-
main consists in a two-dimensional 100 mm× 5 mm box meshed with a 
uniform grid whose spacing in 𝑥 and 𝑦 direction is Δ𝑥 =Δ𝑦 = 0.02 mm. 
The phase field, 𝛼, is initialized using the droplet shape used in the 
lubrication model with 𝑥∗ = 10𝑦∗ = 2 cm, which corresponds to the 
same Bond number as in the lubrication simulation. A 0.02 mm thick 
film prewets the bottom boundary. The bottom edge is a no-slip con-
dition. The top and right boundaries are set as zero-gradient for ve-
locity, pressure, and phase field. The left side is set as symmetry. The 

simulation is run for 20 s with a constant time-step Δ𝑡 = 3 × 10−7 s

https://www.openfoam.org
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Fig. 4. Spreading of the droplet driven by the curvature, (a) lubrication model prediction versus analytical solution for the evolution of the droplet. The time is 
indicated by the color map on the right. The numerical results are in good agreement with the analytical solution. (b) The droplet radius and maximum thickness 
obtained from the lubrication model are compared with the analytical solution. (c) The mean square error of the lubrication model compared with the analytical 
solution for uniform and AMR mesh with different values of 𝑏.
that satisfies Brackbill’s time-stepping criteria [5]. In order to obtain 
the film thickness along the horizontal direction from the Volume of 
Fluid simulation, the resulting two-dimensional phase field, 𝛼, is in-
tegrated over the vertical axis. The evolution of the droplet radius 
is obtained by integrating the phase field along the bottom bound-
ary.

A comparison between the lubrication model and OpenFOAM Vol-
ume of Fluid results is seen in Fig. 5. We observe a very good agree-
ment between the two approaches for the evolution of the droplet 
(Fig. 5a), the thickness of the droplet at the center, as well as the 
movement of the TPCP with respect to time (Fig. 5b). The overall 
difference between the lubrication model and the VOF approach pre-
dictions is very good and the mean square error is below 2.5 × 10−6. 
These results give confidence in the robustness of the numerical im-
plementation of the lubrication model. In the following, we investigate 
the spreading of a droplet with gravity, surface tension, and disjoining 
pressure.

We also investigated the effect of the droplet size on the spread-
ing. Two oil droplets of 𝑥∗ = 2 mm; 𝑦∗ = 0.2 mm and 𝑥∗ = 10 mm; 
𝑦∗ = 1 mm are considered. They correspond to Bond numbers of 1.8 
and 180, respectively. At late time, the bigger droplet profile is close 
to a pancake shape, while the smaller droplet is closer to a lens shape. 
In Fig. 5c, the advancing contact angle is plotted against the capillary 
number for the velocity at the TPCP for times > 10−1 s. We notice that 
both Ca-𝜃 results fit Tanner’s law (i.e., 𝜃 ∝ 𝐶𝑎∼3 which suggests that 
the lubrication model captures the apparent contact angle due to hy-
8

drodynamic viscous bending.
4.3. Spreading of a droplet driven by curvature, gravity, and disjoining 
pressure

In this section, we investigate the spreading of water against oil on 
a calcite surface while changing the water’s properties, including its 
salinity. This kind of simulation requires accounting for the effect of 
inter-molecular interactions in addition to surface tension and gravity 
potentials.

To model wettability alteration due to a change of salinity and pH, 
the free energy density of the film includes the curvature, gravity, and 
inter-molecular (Van der Waals, EDL, and hydration) interaction en-
ergy:

𝕎 = 𝜎
(
1 + 1

2
ℎ2𝑥

)
+ 𝜌𝑔ℎ2

2
+ 𝜎𝑆𝐿 − 𝜎𝑆𝑉 +𝑊𝑉𝐷𝑊 +𝑊𝐸𝐷𝐿 +𝑊𝑆𝑡𝑟. (32)

We assume a no-slip boundary condition on the calcite surface, and 
the mobility term is 𝑀(ℎ) = ℎ3

3𝜇 . We also neglect the effect of stress on 
the water-oil interface, 𝕋 (ℎ) = 0.

4.3.1. Disjoining pressure for high- and low-salinity waters

We consider three different water solutions that differ by their salin-
ity, namely a high-salinity water and two low-salinity waters with dif-
ferent pH in accordance with the work of Mahani et al. [31]. The high-
salinity water is the formation water of a hydrocarbon reservoir, and 
the low-salinity water corresponds to diluted seawater by 25 times. Ma-
hani’s experiment was carried out to relate the wettability alteration in 
low-salinity water flooding to electrostatic measurements on the inter-

faces. Here, we used their measurements to evaluate the EDL potential 
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Fig. 5. Comparison of our lubrication model and a two-phase flow solver based on the Volume of Fluid (VOF) technique for the spreading of silicon oil against air 
on a flat surface including gravity and curvature forces. (a) Profiles of the spreading droplet at different times. The lubrication model shows good agreement with 
the VOF simulation. (b) Evolution of the wetted surface and of the droplet height using both the lubrication model and the VOF simulations. (c) Capillary number 
versus advancing contact angle for different Bond numbers. The fitted curves are based on Tanner’s equation.

Table 4

Parameters used for simulation of spreading droplets considering curvature, gravity, and 
inter-molecular force.

VDW [25]

Hamaker constant (A) J 1.3 × 10−20

EDL [31]

water 𝜁1∕𝜁2[mV] ionic strength (𝜌∞) pH 𝜖 𝑇 [K]

High-salinity +5/-3 3.66 7
78.54 300Low-salinity (1) -15/-25 0.035 7

Low-salinity (2) +5/-20 0.035 12

Hydration potential [27]

Hydration amplitude (𝑤0) Jm−2 30 × 10−3
Hydration length-scale (𝜆0) nm 0.8

Fluid properties

water
density viscosity surface tension
[kg/m3] [Pa×s] [N/m]

high-salinity 1000 10−3 0.0118
low-salinity 1000 10−3 0.0131
for the three water solutions. Inter-molecular interaction parameters are 
obtained using the values in Table 4. For both solutions, the Hamaker 
constant comes from Hough and White [25], and the hydration poten-
tial parameters come from Israelachvili [27]. For EDL calculation, the 
electric potential of the interface, 𝜓𝑖, is assumed to be equal to the zeta-
9

potential of the interface, 𝜁𝑖.
The resulting disjoining pressures and their corresponding deriva-
tive versus thickness for the case of low- and high-salinity waters are 
plotted in Fig. 6. The first row (Fig. 6a, Fig. 6b) corresponds to a flat thin 
film whereas the second row (Fig. 6c, Fig. 6d) corresponds to a wedge 
with an angle of 45◦. The film of low-salinity water (1) and (2) in the 

wedge case with an angle of 45◦ is stable for all the thicknesses since the 
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Fig. 6. Inter-molecular property for the thin film of water in the system of water/oil/carbonate. (a,b) Disjoining pressure and its derivative for a flat film. (c,d) 
Disjoining pressure and its derivative for a wedge film with the contact angle of 45 ◦ .
derivative of disjoining pressure is positive, while for the high-salinity 
case, the stable thickness is below around 3 nm (Fig. 6d). However, 
by decreasing the angle, the range in which the film is stable changes. 
For the flat film, i.e., zero angle, the derivative of the disjoining pres-
sure is negative from very large thickness up until the thickness close 
to 2 nm for the high-salinity case. Whereas for the low-salinity (1) and 
(2), there is a mid-range thickness around 10 nm where the disjoin-
ing pressure and its derivative are positive, resulting in a thicker stable 
film compared to the high-salinity case. We consider the flat thin film 
curves for the stability analysis since it represents the lower value of 
film thickness for the film stability and the worst-case scenario.

4.3.2. Impact of salinity and pH on wettability properties

The initial shape of the droplet is a semi-ellipsoid described by (
𝑥

𝑥∗

)2
+
(
𝑦

ℎ∗

)2
= 1, where 𝑥∗ = 0.1 mm; 𝑦∗ = 0.01 mm corresponding to 

a Bond number of 0.0166. The computational domain is a 1D segment 
of length 4 × 𝑥∗, discretized non-uniformly with Δ𝑥𝑚𝑎𝑥 = 0.05 × 𝑦∗ and 
Δ𝑥𝑚𝑖𝑛 = 0.5 × 𝑏. The droplet is deposited on a precursor film of thick-
ness, 𝑏 = 10 nm, that is thick enough to avoid premature unstable films 
during spreading according to the stability criterion.

Simulations are run for 1 second or until the film ruptures. The 
evolution of the droplet spreading with the Bond number of 0.0166 
is shown in Fig. 7a for the three different cases as well as the case with-
out disjoining pressure. We also plot the evolution of the wetted area 
in Fig. 7b as well as the contact angle variation with respect to time 
(Fig. 7c). The latter is obtained by computing the slope of the interface 
at the inflection point. We observe different spreading patterns for the 
two types of water. On the one hand, the high-salinity water spreads 
for around 0.05 seconds until the precursor film gets ruptured, which 
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stops the spreading. The equilibrium state corresponds to a contact an-
gle 𝜃 ≈ 6. On the other hand, low-salinity (1) water droplet spreads 
faster, wetting the whole solid substrate, in agreement with the disjoin-
ing pressure curve (see Fig. 6a). The spreading of low-salinity water (2) 
follows a similar behavior to the high-salinity water, but the film rup-
ture happens later. This situation corresponds to a contact angle, 𝜃 ≈ 4.

In Fig. 8, the advancing contact angle is plotted against the capillary 
number for the velocity of the TPCP during the spreading of the thin 
film for the time > 10−3 s. The capillary number is defined as 𝐶𝑎 =
𝜇𝑢

𝜎
. Interestingly, the intermediate-time data points fit into an equation 

of 𝐶𝑎 = 𝑎 × 𝜃∼3, similar to Tanner’s law [50] or Cox-Voinov dynamic 
contact angle [54,11].

The different behaviors observed for the three waters are explained 
using the disjoining pressure derivative: a film with a thickness higher 
than ∼ 10 nm is stable for low-salinity cases, whereas for the high-
salinity water, films thicker than around 1 nm are unstable and will 
eventually rupture by introducing a perturbation. To analyze further the 
mechanisms leading to rupture, we plot the evolution of the minimum 
film thickness at the vicinity of the TPCP (see Fig. 9). We see an oscilla-
tory behavior of the film thickness at TPCP versus time. This oscillation 
exists even in the absence of disjoining pressure (curvature is the only 
driving mechanism for the spreading), suggesting that instabilities are 
initiated by curvature effects. The oscillation can be enhanced or damp-
ened based on the disjoining pressure. For the low-salinity water (1), 
the oscillation is dampened around a constant thickness corresponding 
to a stable film. Therefore, the TPCP spreads until complete wetting. For 
the low-salinity (2) and high-salinity waters, the minimum thickness de-
creases down to values for which the disjoining pressure corresponds to 
unstable films that eventually break up. For high-salinity water, the os-

cillations diverge, leading to a premature film rupture.
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Fig. 7. Spreading of water in the system of water/oil/carbonate considering curvature, gravity, and disjoining pressure with the Bond number of 0.0166. (a) The 
plot of the water droplet profile for three different water types. Time is indicated by the color bar. In the inset plot, the profile of the film close to TPCP is shown 
at the time of rupture for high-salinity. The high-salinity water advances slower in comparison with the low-salinity cases and undergoes a rupture eventually. The 
transition of low-salinity (1) water to the precursor thickness occurs more smoothly compared to the high-salinity case. (b) Evolution of droplet radius. The spreading 
of high-salinity and low-salinity (2) water is halted at around 0.05 and 0.15 seconds, respectively, due to thinning of the precursor film at TPCP. (c) Variation of the 
contact angle at the inflection point with respect to time.
Fig. 8. Capillary number versus advancing contact angle for spreading of the 
thin film with different water salinity in the system of water/oil/carbonate con-
sidering curvature, gravity, and disjoining pressure. The fitted curves are based 
on Tanner’s equation for contact angle.

4.3.3. Effect of the precursor film thickness

In this part, we investigate the effect of the precursor film thickness 
on the droplet spreading for only the high-salinity water case because 
we are mainly interested in determining the effect of the initial precur-
sor. We consider a precursor thickness 𝑏 ranging from 0.5 to 80 nm. 
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Different spreading behaviors are expected because the disjoining pres-
Fig. 9. The oscillation of TPCP thickness versus time for spreading of water 
with different properties. The oscillation in the case of low-salinity (1) gets 
dampened in late times, whereas for high-salinity, it grows until the rupture of 
the film. For low-salinity (2), the growth of amplitude of oscillation becomes 
steady in late times.

sure derivative (see Fig. 6b) is negative for 𝑏 > 1 nm (unstable film) and 
tends toward a positive asymptote for 0.2 nm < 𝑏 < 1 nm.

The effect of the precursor film thickness on the droplet radius 
evolution and the time-to-rupture is seen in Fig. 10. We observe two 

spreading patterns leading to stationary droplets that depend on the 
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Fig. 10. The final radius of the droplet of high-salinity water spreading on the 
calcite surface in the presence of oil for different precursor water film thick-
nesses and its corresponding rupture time.

initial precursor film thickness, 𝑏: i) film rupture, and ii) TPCP equilib-
rium.

On the one hand, for precursor films larger than 1 nm, the droplet 
spreading comes to a halt after some time due to film rupture. This is 
expected as the disjoining pressure derivative is negative for 𝑏 > 1 nm
(see Fig. 6). The smaller the precursor films, the earlier the film rup-
ture, and the smaller the droplet radius. Note that if the droplet radius 
evolves almost linearly with 𝑏, the time-to-rupture response is not lin-
ear.

On the other hand, for precursor films smaller than 1 nm, we observe 
an increase in the precursor film stability, for which the spreading stops 
not because of film rupture but because the TPCP slows down until it 
reaches an equilibrium state. This is expected because the disjoining 
pressure curve is strongly repulsive for 0.2 nm < 𝑏 < 1 nm.

These simulations highlight two different behavior due to the initial 
precursor film. It means that for TPCP advancing on a dry surface, the 
film is stable, whereas, in advancing on a pre-wet solid, the film at 
TPCP will be unstable and causes rupture. Simulation results for the 
ultra-thin film should be interpreted cautiously because the continuum 
mechanics hypothesis breaks down for films below ∼ 1 nm since the 
Knudsen number (ratio between mean free path over the length scale) 
at this thickness is around 0.1 corresponding to the transition between 
continuum scale and molecular scale [21].

5. Conclusion

We developed a lubrication model that accounts for inter-molecular 
interactions to model the wettability behavior of a three-phase system. 
The model is physically rooted and does not rely on the concept of 
contact angle. Instead, inter-molecular interactions are described using 
disjoining pressure concept, including Van der Waals, Electric Double 
Layer, and hydration interactions. This approach can predict wettabil-
ity alteration due to the effect of fluid composition, salinity, and pH. 
Therefore, our lubrication model with slope-dependent disjoining pres-
sure can be used to characterize contact angles for different chemical 
and physical parameters.

The numerical implementation of the model was verified using cases 
for which reference – analytical and numerical – solutions exist. The 
Adaptive Mesh Refinement feature is key to resolving the contact line 
dynamics in acceptable simulation times. A similar procedure can be 
used to extend our one-dimensional lubrication model to 2D.

The low- versus high-salinity water examples presented in this pa-
per highlight the capabilities of our lubrication model for thin films to 
simulate wettability alteration due to a change in salinity conditions. 
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Indeed, changing pH and salinity alters the EDL and, to some extent, 
Computer Physics Communications 298 (2024) 109114

the hydration force, which influences the precursor film stability and 
eventually leads to three spreading behaviors: spreading with complete 
wetting, droplet immobilization by film rupture, and immobilization 
without rupture by force equilibrium. We have also shown that the ini-
tial thickness of the precursor film strongly impacts the spreading of a 
droplet.

Future work will focus on the development of slope-dependent EDL 
models by solving the Poisson-Boltzmann equation with appropriate 
charge conditions at the fluid-fluid and fluid-solid interfaces. Our lu-
brication model for thin-film is an integrator for such inter-molecular 
considerations. Furthermore, the model can be modified to address 
spreading on the surface with roughness, as well as studying the chem-
ical non-equilibrium system where the salinity/pH of the wetting phase 
changes as the film spreads. The dynamics of the non-wetting fluid 
has been neglected in this work. Future lines of research concern the 
coupling of our lubrication model with a Navier-Stokes-based solver to 
account for larger-scale hydrodynamics and the mutual shear stress at 
the fluid-fluid interface.
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