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Introduction

Many countries face growing pressure on their water resources, with increasing demands for domestic, agricultural and industrial water supplies, coupled with a reduced resource due to climate change. This has created the need for artificially augmenting supplies from existing resources, and the development of groundwater technologies (e.g. [START_REF] Bouwer | Artificial recharge of groundwater: hydrogeology and engineering[END_REF][START_REF] Dillon | Future management of aquifer recharge[END_REF]. Underground (or subsurface) dams (Fig. 1) are one of such technologies [START_REF] Nishigaki | Underground dam technology in some parts of the world[END_REF][START_REF] Onder | Underground dam: A tool of sustainable development and management of groundwater resources[END_REF][START_REF] Izady | Optimal water allocation from subsurface dams: a risk-based optimization approach[END_REF]). An underground dam, usually-but not only (e.g., in karst aquifers, [START_REF] Stevanović | Damming underground flow to enhance recharge of karst aquifers in the arid and semi-arid worlds[END_REF][START_REF] Ahmed | Groundwater dams, General characteristics and historical development[END_REF][START_REF] Milanović | Engineering Karstology of dams and reservoirs[END_REF])-constructed in an alluvial area, often consists of a hydraulic barrier that may partially or completely penetrates the aquifer up to the impermeable bedrock. Such barriers may be semi-permeable or impermeable and may also not reach bedrock; the reader can refer to [START_REF] Kaleris | The effect of cutoff walls on saltwater intrusion and groundwater extraction in coastal aquifers[END_REF] and [START_REF] Wu | Preventing seawater intrusion and enhancing safe extraction using finitelength, impermeable subsurface barriers: 3D analysis[END_REF] for other dam configurations. The dam modifies groundwater flow and the groundwater level rises upstream and declines downstream of the dam. Upstream, the water can thus be abstracted and, ideally, used throughout the year. In coastal aquifers, many work has been done to investigate their use for alleviating seawater intrusion to increase fresh groundwater resources (e.g. [START_REF] Pool | Dynamics of negative barriers to prevent seawater intrusion[END_REF][START_REF] Kaleris | The effect of cutoff walls on saltwater intrusion and groundwater extraction in coastal aquifers[END_REF][START_REF] Abdoulhalik | How does layered heterogeneity affect the ability of subsurface dams to clean up coastal aquifers contaminated with seawater intrusion[END_REF], Sun et al. 2019[START_REF] Wu | Preventing seawater intrusion and enhancing safe extraction using finitelength, impermeable subsurface barriers: 3D analysis[END_REF][START_REF] Zheng | Insights of variable permeability full-section wall for enhanced control of seawater intrusion and nitrate contamination in unconfined aquifers[END_REF][START_REF] Zhang | Effects of a low-permeability layer on unstable flow pattern and land-sourced solute transport in coastal aquifers[END_REF]).

Underground dams have been used for a long time in arid and semi-arid zones, where groundwater is not available in sufficient quantity for part of the year, to retain water in alluvial aquifers [START_REF] Bceom | The underground dams, in French. Les barrages souterrains[END_REF][START_REF] Nilsson | Groundwater dams for small-scale water supply[END_REF][START_REF] Nishigaki | Underground dam technology in some parts of the world[END_REF][START_REF] Raju | Subsurface dams to harvest rainwater-a case study of the Swarnamukhi River basin, Southern India[END_REF][START_REF] Şen | Reservoirs for Water Supply Under Climate Change Impact-A Review[END_REF]. This technique was greatly improved and rendered more complex from the 1980s onward in China [START_REF] Sun | Impacts of artificial underground reservoir on groundwater environment in the reservoir and downstream area[END_REF], Japan [START_REF] Furukawa | The underground dam, a new concept in water resource development to meet the challenges of natural disaster and climate change[END_REF] and South Korea [START_REF] Ishida | Review: Sustainable use of groundwater with underground dams[END_REF], with increasingly long (several kilometres) and high (several tens of meters) dams.

Underground dams can be combined with managed aquifer recharge (MAR) systems, such as injection wells or percolation ponds, for improving the efficiency of the overall setup [START_REF] Bceom | The underground dams, in French. Les barrages souterrains[END_REF], Sun et al. 2019[START_REF] Choi | Effects of hybrid-type artificial groundwater recharge and underground barrier in a small basin[END_REF]. The vertical concealment of the aquifer by the underground dam is very variable, on the other hand, in most cases, the aquifer is concealed over its entire aquifer width and therefore over the entire width of the alluvial valley (e.g. [START_REF] Ishida | Construction of subsurface dams and these impacts on the Environment[END_REF], Sun et al. 2019[START_REF] Chang | Effect of subsurface dams on saltwater intrusion and fresh groundwater discharge[END_REF][START_REF] Zheng | Insights of variable permeability full-section wall for enhanced control of seawater intrusion and nitrate contamination in unconfined aquifers[END_REF]. A few cases of partial lateral occultation are apprehended by [START_REF] Wu | Preventing seawater intrusion and enhancing safe extraction using finitelength, impermeable subsurface barriers: 3D analysis[END_REF] and [START_REF] Frissant | État des connaissances sur le fonctionnement de deux systèmes aquifères du territoire du SAGE des Gardons et propositions d'amélioration de la connaissance : Les alluvions du Gardon et les molasses miocènes du bassin d'Uzès et les calcaires urgoniens de la Fontaine d'Eure[END_REF]..

Regardless of dam geometry, such subsurface structures act as a barrier to flow, modify the natural groundwater flow which may have an environmental, economic and/or social impact (basement flooding, soil salinization, seawater intrusion, etc., [START_REF] Pujades | Barrier effect of underground structures on aquifers[END_REF]Yihdego 2016;[START_REF] Attard | Review: Impact of underground structures on the flow of urban groundwater[END_REF]). Any modification of natural groundwater flow has thus to be studied and anticipated, not only during construction, but also over the long term.

Much theoretical work was based on the analysis of numerical models for estimating their impact on groundwater flow (Merrick and Jewel 2003[START_REF] Paris | Hydrological effects of bounding the Venice (Italy) industrial harbour by a protection cut-off wall: a modeling study[END_REF][START_REF] Khairy | Analysis and design of a deep subsurface dam[END_REF][START_REF] Senthilkumar | Modelling the impact of a subsurface barrier on groundwater flow in the lower Palar River basin, southern India[END_REF][START_REF] Pujades | Barrier effect of underground structures on aquifers[END_REF][START_REF] Attard | Underground constructions impacts on groundwater flow in urban context[END_REF][START_REF] Kim | Validity evaluation of a groundwater dam in Oshipcheon River, eastern Korea using a SWAT-MODFLOW model[END_REF]. Others have explored various techniques to mitigate seawater intrusion to obstruct the inland movement of the saltwater wedge (e.g. [START_REF] Kaleris | The effect of cutoff walls on saltwater intrusion and groundwater extraction in coastal aquifers[END_REF][START_REF] Li | Laboratory tests and numerical simulations on the impact of subsurface barriers to saltwater intrusion[END_REF][START_REF] Wu | Preventing seawater intrusion and enhancing safe extraction using finitelength, impermeable subsurface barriers: 3D analysis[END_REF][START_REF] Zheng | Insights of variable permeability full-section wall for enhanced control of seawater intrusion and nitrate contamination in unconfined aquifers[END_REF][START_REF] Zhang | Effects of a low-permeability layer on unstable flow pattern and land-sourced solute transport in coastal aquifers[END_REF]. With regard to the impact on groundwater flow and therefore the distribution of induced hydraulic head -the subject of this study, some of this work has resulted in useful semiempirical equations on the long-term impact of disturbances caused by underground structures (tunnels, basements of buildings, deep foundations, etc.; [START_REF] Pujades | Barrier effect of underground structures on aquifers[END_REF]. Few conventional analytical equations are available [START_REF] Marinos | Rise of the groundwater table when flow is obstructed by shallow tunnels[END_REF]Kavvadas 1997, Deveughèle and[START_REF] Deveughèle | Impact of an impervious shallow gallery on groundwater flow[END_REF], but, according to [START_REF] Pujades | Barrier effect of underground structures on aquifers[END_REF], their validity remains limited. [START_REF] Fitts | Analytical modelling of impermeable and resistant barriers[END_REF] used analytical elements under steady-state condition for modelling impermeable and resistant barriers to groundwater flow, but they were considered with zero thickness (see also [START_REF] Strack | Principles of the analytic element method[END_REF]. [START_REF] Butler | Pumping test in non-uniform aquifers, the radially symmetric case[END_REF] described a transient analytical solution for the drawdown induced by a pumping well in a uniform matrix near a cylinder characterized by different hydrodynamic properties. This can be considered-if low hydraulic-conductivity values are used-as an obstacle to groundwater flow. El-Hames (2012) proposed a numerical solution for evaluating the transient of a water-table rise upstream of a dam, based on a general flow equation. However, the dam was of infinite-length and the solution cannot be used to assess the hydraulic head downstream of the dam. Therefore, no analytical solution has been proposed for evaluating the two-dimensional hydraulic head distribution induced by a rectangular underground dam, even for the simplest case, i.e. a finite-dimensional dam penetrating entirely into an infinite (or semi-infinite) aquifer. This is the subject of this study.

This study seeks alternative steady-state (semi-)analytical solutions based on the method of fundamental solutions (MFS), for computing hydraulic-head disturbance created by a fully penetrating impermeable dam of finite-size (rectangular) in a semi-infinite sloping aquifer. This technique is used in the field of physical and engineering problems to overcome the difficulty of finding an analytical solution in complex systems [START_REF] Chaiyo | The method of fundamental solutions for solving free boundary saturated seepage problem[END_REF][START_REF] Young | Method of fundamental solutions for multidimensional Stokes equations by the dual-potential formulation[END_REF]). In the field of groundwater hydraulics, MFS has been rarely used (Wang andZheng 2015, Neto et al. 2020). [START_REF] Kuo | Predicting pressure distribution in irregularly shaped reservoirs[END_REF], [START_REF] Yeung | flow reduction due to hydraulic barrier engineering structure: case of urban area flood, contamination and pollution risk assessment[END_REF] and [START_REF] Kuo | An image well method for predicting drawdown distribution in aquifers with irregularly shaped boundaries[END_REF] used this technique to propose drawdown solutions caused by wells pumping inside irregularly shaped reservoirs, and [START_REF] Huang | Estimating stream filtration from a meandering stream under the Robin condition[END_REF] for estimating flux filtration on a meandering stream caused by pumping wells. In this study, it is used to solve the problem of finite-dimensional obstacles to groundwater flow. MFS is a meshless method based on the fundamental solutions of governing equations [START_REF] Kupradze | The method of functional equations for the approximate solution of certain boundary value problems[END_REF]Aleksidze 1964, Golder 1995), which gives it certain advantages over conventional models (no model to build, no mesh generation, no discretization of physical boundaries). Its basic concept is to decompose the solutions of a partial differential equation by superposition of the fundamental solution with proper strengths, depending upon the location of boundary conditions. It assumes that a linear combination of the strengthened appropriate fundamental solution approximates the unknown solution sought. The accuracy of the method depends only on the distances between pairs of points where the fundamental solution is applied. In groundwater hydraulics, but not only, fundamental solutions are typically line-sink or point-source solutions.

Results of the proposed semi-analytical solution for an underground dam alone are analysed, compared to numerical modelling and discussed. Graphs with dimensionless parameters, relating the dam geometry to maximum hydraulic-head variations up-and downstream of the dam, and hydraulic-head variations compared to a condition without a dam are given. Analytical results are compared to two field examples that correspond to the theoretical situation, one of the Massillargues-Attuech site (France, Ladouche and Frissant, 2022) and the other from the literature [START_REF] Pujades | Barrier effect of underground structures on aquifers[END_REF]. Theoretical formulation is given in case of a pumping/injecting well and/or a managed artificial recharge (MAR) near the underground dam, to examine the behaviour of composite devices (Fig. 1b).

The proposed solutions can be implemented as operational tools for engineers designing underground dams. It is not suggested that the proposed solutions replace existing analytical or numerical hydrogeological models, used for modelling disturbances induced by the building of underground structures. Rather, they are meant to supplement existing models for improving the design of such engineered systems.

Mathematical statements

Hydraulic head solution for an underground dam

This study considers an unconfined, sloping, homogeneous aquifer with a saturated thickness without dam D0 (in m; Fig. 2a). The aquifer dip is aligned with the x-axis direction and θ is the dip angle of the impermeable basement (in radian). The natural flow direction is parallel to the aquifer bottom, the natural (no dam) hydraulic gradient, i, being equal to tanθ. The aquifer is characterized by a constant and uniform hydraulic conductivity (K in m/s) and is limited in space downstream by a constant-head boundary at a distance 'd' (in m) from a Cartesian coordinate system (x,y), resulting in a semi-infinite aquifer. The underground dam has a rectangular shape, fully penetrates the aquifer and is impermeable, i.e. there is no flow through the dam. It is located at the centre of the coordinate system, and is defined by its length along the x-axis (Lx in m), and its length along the y-axis (Ly in m).

The governing steady-state groundwater flow equation is defined by the following non-linear Boussinesq equation: Assuming that the aquifer slope is small (i=tanθ ≈θ; θ≤0.02), which implies that groundwater flow is parallel to the substratum, a linearized form of the previous equation can be found by defining 𝑠𝑠(𝑥𝑥, 𝑦𝑦) = 𝐾𝐾(𝑥𝑥, 𝑦𝑦) -𝐾𝐾 0 and assuming that (𝐾𝐾 -𝐾𝐾 0 ) 𝐾𝐾 0 ⁄ is small (i.e. the first method of linearization is used; e.g. Zlotnick et al. 2017). Therefore, Eq.1 can be rewritten as:

𝐾𝐾𝐾𝐾 0 � 𝜕𝜕 2 𝑠𝑠 𝜕𝜕𝜕𝜕 2 + 𝜕𝜕 2 𝑠𝑠 𝜕𝜕𝜕𝜕 2 � -𝐾𝐾. 𝑖𝑖 𝜕𝜕𝑠𝑠 𝜕𝜕𝜕𝜕 = 0 (2)
with 𝑠𝑠(𝑑𝑑, 𝑦𝑦) = 0 and 𝑠𝑠(-∞, 𝑦𝑦) = 0.

The uncertainty introduced by the linearization method used is discussed later.

The no-flux condition through the four sides of the underground dam can be represented by applying the method of fundamental solutions. This assumes that the solution of the equation describing the hydraulic head in the sloping aquifer with an underground dam can be obtained from a linear combination of strengthened terms produced by application of the appropriate fundamental solution at a series of image wells. Along the dam sides, the superposition of the perturbations induced by each image well results in a zero flow.

The fundamental solution of the linearized equation (Eq.2) describing the steady-state hydraulic head in an inclined aquifer, bounded by a constant head boundary (𝐾𝐾 𝑜𝑜 𝑎𝑎𝑎𝑎 𝑥𝑥 = 𝑑𝑑) with a pumping well, can be found in Hantush (1964a & b). With the used coordinate system (Fig. 2a), the form of the fundamental solution is given by the saturated thickness D:

𝐾𝐾(𝑥𝑥, 𝑦𝑦) -𝐾𝐾 0 = 𝑄𝑄 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 e 𝛼𝛼𝜕𝜕 [K 0 (𝑟𝑟𝑟𝑟) -K 0 (𝑟𝑟 𝑛𝑛 𝑟𝑟)] = 𝑄𝑄. 𝐹𝐹(𝑥𝑥, 𝑦𝑦) (3) 
where Q is the pumping rate (Q <0; in m 3 /s), K0(u) is the modified Bessel function of the second kind of the zero order, and e is the exponential function, 𝑟𝑟 = 𝑖𝑖 (2𝐾𝐾 0 ) ⁄ , 𝑟𝑟 = �𝑥𝑥 2 + 𝑦𝑦 2 and 𝑟𝑟 𝑛𝑛 = �(2𝑑𝑑 -𝑥𝑥) 2 + 𝑦𝑦 2 . Note that the same solution can be retrieved in [START_REF] Py | Theory of Ground Water Movement[END_REF]p.464-465).

According to the method of fundamental solutions, the hydraulic head in the sloping aquifer with an underground dam is given by:

ℎ(𝑥𝑥, 𝑦𝑦) = ∑ 𝛾𝛾 𝑗𝑗 . 𝐹𝐹 𝑗𝑗 �𝑥𝑥, 𝑦𝑦, 𝑥𝑥 𝑗𝑗 , 𝑦𝑦 𝑗𝑗 � 𝑛𝑛 𝑗𝑗=1 + 𝐾𝐾 0 + 𝑖𝑖(𝑑𝑑 -𝑥𝑥) (4)
where x, y are the coordinates (in m) where the hydraulic head h has to be calculated, and xj and yj the coordinates of the j th image wells (up to n), the fundamental solution Fj is calculated to represent the underground dam, and γj are strengths applied to this solution that must be evaluated (Fig. 2b). If image wells are regularly located within the dam at a distance d' of the dam sides, the distance between them is: 𝜎𝜎 = 2 (𝐿𝐿𝑥𝑥 + 𝐿𝐿𝑦𝑦 -4𝑑𝑑′) 𝑛𝑛 ⁄ . Note that, when γj =0, Eq. 3 corresponds to the hydraulic head without dam, or the natural flow condition.

Incorporating Eq.3 in Eq.4 yields:

ℎ(𝑥𝑥, 𝑦𝑦) = ∑ 𝛾𝛾 𝑗𝑗 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 e 𝛼𝛼�𝜕𝜕-𝜕𝜕 𝑗𝑗 � �K 0 �𝑅𝑅 𝑗𝑗,1 𝑟𝑟� -K 0 �𝑅𝑅 𝑗𝑗,2 𝑟𝑟�� 𝑛𝑛 𝑗𝑗=1 + 𝐾𝐾 0 + 𝑖𝑖(𝑑𝑑 -𝑥𝑥) (5) [---------------------------F-------------------------] [--------b---------]
where Rj,1 and Rj,2 are distances to the image wells (𝑅𝑅

𝑗𝑗,1 = � �𝑥𝑥 -𝑥𝑥 𝑗𝑗 � 2 + �𝑦𝑦 -𝑦𝑦 𝑗𝑗 � 2 and 𝑅𝑅 𝑗𝑗,2 = � �2𝑑𝑑 -�𝑥𝑥 -𝑥𝑥 𝑗𝑗 �� 2 + �𝑦𝑦 -𝑦𝑦 𝑗𝑗 � 2
). Eq.5 can be decomposed into two terms 'F', corresponding to the dam, and 'b' corresponding to the linear (i.e. natural) gradient.

The evaluation of strength coefficients γj is achieved by transposing the nil flow condition around the dam sides

( 𝜕𝜕ℎ(𝜕𝜕,𝜕𝜕) 𝜕𝜕𝜕𝜕 | 𝜕𝜕=±𝐿𝐿𝜕𝜕 2 ⁄ = 𝜕𝜕ℎ(𝜕𝜕,𝜕𝜕) 𝜕𝜕𝜕𝜕 | 𝜕𝜕=±𝐿𝐿𝜕𝜕 2 ⁄ = 0).
The following equations give the derivative forms of Eq.5 according to x and y.

According to x:

𝜕𝜕ℎ 𝜕𝜕𝜕𝜕 = ∑ 𝛾𝛾 𝑗𝑗 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 𝑟𝑟𝑒𝑒 𝛼𝛼�𝜕𝜕-𝜕𝜕 𝑗𝑗 � �K 0 �𝑅𝑅 𝑗𝑗,1 𝑟𝑟� -K 0 �𝑅𝑅 𝑗𝑗,2 𝑟𝑟� - �𝜕𝜕-𝜕𝜕 𝑗𝑗 � 𝑅𝑅 𝑗𝑗,1 K 1 �𝑅𝑅 𝑗𝑗,1 𝑟𝑟� - �2𝑑𝑑-�𝜕𝜕-𝜕𝜕 𝑗𝑗 �� 𝑅𝑅 𝑗𝑗.2 K 1 �𝑅𝑅 𝑗𝑗,2 𝑟𝑟�� 𝑛𝑛 𝑗𝑗=1 -𝑖𝑖 (6) 
And according to y:

𝜕𝜕ℎ 𝜕𝜕𝜕𝜕 = ∑ 𝛾𝛾 𝑖𝑖 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 𝑟𝑟�𝑦𝑦 -𝑦𝑦 𝑗𝑗 �𝑒𝑒 𝛼𝛼�𝜕𝜕-𝜕𝜕 𝑗𝑗 � � K 1 �𝑅𝑅 𝑗𝑗,2 𝛼𝛼� 𝑅𝑅 𝑗𝑗,2 - K 1 �𝑅𝑅 𝑗𝑗,1 𝛼𝛼� 𝑅𝑅 𝑗𝑗,1 � 𝑛𝑛 𝑗𝑗=1 (7) 
Where K1(x) is the modified Bessel function of the second kind of the first order.

Strength coefficients γj were evaluated on the dam sides at the closest distance (d') between the image wells and the dam sides (Fig. 2b). As the nil flow condition is computed in n locations, it results in a series of n linear equations that have to be solved simultaneously:

⎩ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎧ 𝛾𝛾1 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F11′+ 𝛾𝛾2 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F21′+ 𝛾𝛾3 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F31′+…. 𝛾𝛾n 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 Fn1′+b1′=0 𝛾𝛾1 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F12′+ 𝛾𝛾2 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F22′+ 𝛾𝛾3 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F32′+…. 𝛾𝛾n 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 Fn2′+b2′=0 𝛾𝛾1 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F13′+ 𝛾𝛾2 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F23′+ 𝛾𝛾3 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F33′+…. 𝛾𝛾n 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 Fan3′+b3′=0 … 𝛾𝛾1 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F1j′+ 𝛾𝛾2 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F2j′+ 𝛾𝛾3 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F3j′+…. 𝛾𝛾n 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 Fni′+b j ′=0 … 𝛾𝛾1 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F1n′+ 𝛾𝛾2 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F2n′+ 𝛾𝛾3 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 F3n′+…. 𝛾𝛾n 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 Fnn′+b n ′=0 ⎭ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎫ (8)
where superscript '′' denotes derivative terms of function 'F' and 'b' (Eq. 5), and subscripts the location where the calculation is performed and the number of the image well.

Equation 8 can be represented in matrix form: [𝐴𝐴] -1 ), and the hydraulic head is given by:

1 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 ⎣ ⎢ ⎢ ⎢ ⎢ ⎢ ⎡ F11′ F21′ F31′ … Fn1′ F12′ F22′ F32′ … Fn2′ F13′ F23′ F33′ … Fn3′ … . F1j′ F2j′ F3j′ … Fnj′ … F1n′ F2n′ F3n′ … Fnn′ ⎦ ⎥ ⎥ ⎥ ⎥ ⎥ ⎤ ⎣ ⎢ ⎢ ⎢ ⎢ ⎢ ⎡ γ 1 γ 2 γ 3 … 𝛾𝛾 𝑗𝑗 … γ 𝑛𝑛 ⎦ ⎥ ⎥ ⎥ ⎥ ⎥ ⎤ = ⎣ ⎢ ⎢ ⎢ ⎢ ⎢ ⎡ -b 1 ′ -b 2 ′ -b 3 ′ … -b 𝑗𝑗 ′ … -b 𝑛𝑛 ′⎦ ⎥ ⎥ ⎥ ⎥ ⎥ ⎤ (9) Equation 9 is of the form 1 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 [A]�γ 𝑗𝑗 �=[B],
ℎ(𝑥𝑥, 𝑦𝑦) = ∑ γ ȷ �𝑒𝑒 𝛼𝛼�𝜕𝜕-𝜕𝜕 𝑗𝑗 � �𝐾𝐾 0 �𝑅𝑅 𝑗𝑗,1 𝑟𝑟� -𝐾𝐾 0 �𝑅𝑅 𝑗𝑗,2 𝑟𝑟�� 𝑛𝑛 𝑖𝑖=1 + 𝐾𝐾 0 + 𝑖𝑖(𝑑𝑑 -𝑥𝑥) (10) 
Equation 10 shows that the steady-state hydraulic head induced by a fully penetrating underground dam does not depend on the hydraulic conductivity of the aquifer.

Hydraulic-head solution for an underground dam, a pumping or an injecting well, and an artificial recharge area

If other devices, like a pumping or injecting well and/or artificial recharge areas (MAR), are located near the underground dam (Fig. 2c), the same method can be used for evaluating the steady-state hydraulic head. Due to the linearity of the solution (Eqs. 2 and 4), the principle of superposition is used for adding such sources. It results that the terms corresponding to these other sources have to be added to the second part of Eq. 10 and thus to the known vector [B]. Therefore, [B], �γ ȷ ��, and thus hydraulic head, now also depend on hydraulic conductivity. The new system of linear equations obtained is also solved numerically.

For a well pumping (or injecting) at a rate Qp (in m 3 /s) located at xw, yw, the term to be added is identical to Eq. 3, except that x is replaced by x-xw, y by y-yw and

d by d-xw. If the well is pumping, Qp is <0; if it is injecting, Qp is >0.
For a rectangular recharge area (MAR), with uniform percolation rate R (m/s), located at xR, yR (centre of the recharge area) with lengths 2xL and 2yL (both in m) parallel to the axes of the coordinates systems (Fig. 2c), the hydraulic-head solution is the integral of Eq. 3 according to 2xL and 2yL [START_REF] Zlotnik | Estimating groundwater mounding in sloping aquifers for managed aquifer recharge[END_REF][START_REF] Dewandel | Artificial aquifer recharge and pumping: transient analytical solutions for hydraulic head and impact on streamflow rate based on the spatial superposition method[END_REF].

Therefore, the semi-analytical steady-state hydraulic-head solution combining an underground dam with a pumping or injecting well, and an artificial recharge area, is given by:

ℎ(𝑥𝑥, 𝑦𝑦) = ∑ γ ȷ �𝑒𝑒 𝛼𝛼�𝜕𝜕-𝜕𝜕 𝑗𝑗 � �K 0 �𝑅𝑅 𝑗𝑗,1 𝑟𝑟� -K 0 �𝑅𝑅 𝑗𝑗,2 𝑟𝑟�� 𝑛𝑛 𝑖𝑖=1 + 𝐾𝐾 0 + 𝑖𝑖(𝑑𝑑 -𝑥𝑥) + 𝑄𝑄 𝑝𝑝 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 e 𝛼𝛼𝜕𝜕 𝑝𝑝 �K 0 �𝑟𝑟 𝑝𝑝 𝑟𝑟� -K 0 �𝑟𝑟 𝑝𝑝𝑛𝑛 𝑟𝑟�� + 𝑅𝑅 2𝜋𝜋𝐷𝐷 0 𝐾𝐾 ∫ ∫ e 𝛼𝛼(𝜕𝜕-𝜕𝜕 𝑅𝑅 -𝜕𝜕′) [K 0 (𝑟𝑟′𝑟𝑟) -K 0 (𝑟𝑟 𝑛𝑛 ′𝑟𝑟)] +𝜕𝜕 𝐿𝐿 -𝜕𝜕 𝐿𝐿 +𝜕𝜕 𝐿𝐿 -𝜕𝜕 𝐿𝐿 𝑑𝑑𝑥𝑥′ 𝑑𝑑𝑦𝑦′ (11) with xp=x-xw; 𝑟𝑟 𝑝𝑝 = �(𝑥𝑥 -𝑥𝑥 𝑤𝑤 ) 2 + (𝑦𝑦 -𝑦𝑦 𝑤𝑤 ) 2 , 𝑟𝑟 𝑝𝑝𝑛𝑛 = �(2𝑑𝑑 -𝑥𝑥-𝑥𝑥 𝑤𝑤 ) 2 + (𝑦𝑦 -𝑦𝑦 𝑤𝑤 ) 2 , 𝑟𝑟′ = �(𝑥𝑥 -𝑥𝑥 𝑅𝑅 -𝑥𝑥 ′ ) 2 + (𝑦𝑦 -𝑦𝑦 𝑅𝑅 -𝑦𝑦 ′ ) 2 and 𝑟𝑟 𝑛𝑛 ′ = �(2𝑑𝑑 -𝑥𝑥 -𝑥𝑥 𝑅𝑅 -𝑥𝑥 ′ ) 2 + (𝑦𝑦 -𝑦𝑦 𝑅𝑅 -𝑦𝑦 ′ ) 2 .
The pumping or injecting well, as well as the recharge area, can be located up-or downstream from the underground dam. Examples of this solution are given later.

Numerical analysis of the proposed solutions

Accuracy of the semi-analytical model

The accuracy of the method used (MFS) depends on the distances between image wells (σ) and on the distance of these wells to the boundary of the underground dam (d', Fig. 2b). Examples here are given for the case of an underground dam alone (Eq.10), but results are similar if the solution includes a pumping or injecting well, or an artificial recharge area. Figure 3a gives examples of hydraulic gradient computation along the same underground dam for different d'/σ ratios. For ratios lower than 2 results are clearly not satisfactory and become acceptable for higher ratios. So the question is what ratio should be used to get acceptable results?

Figure 3b shows several sensitivity tests of the average hydraulic gradient calculation along the dam for different dam geometries (50≤Lx≤800, 2≤Ly≤20), different d' (0.1≤d'≤1.0) and number of image wells (100≤n≤4200). The hydraulic gradient is normalized according to the natural gradient (i.e., without a dam). The tests were also done with a different natural hydraulic gradient (i.e. no dam) and D0, without affecting the result (0.003≤i≤0.02 and 12≤D0≤42 m). The figure shows that the accuracy of the proposed semi-analytical solution, i.e. a nil hydraulic gradient along the dam, is clearly controlled by the number of image wells used, which is itself controlled by the dam geometry. Obviously, increasing n increases the result accuracy, but for reasonable computation times, from a few tens of seconds to a few minutes, the number of image wells can be optimized according to d'. Results show that for the ratio d'/σ ranging between 2.0 and 3.0, the semi-analytical solution gives satisfactory results.

Comparison with numerical modelling

The performance of the proposed solution has been compared with numerical modelling. The numerical modelling was developed with the MARTHE 7.4 © BRGM computer code [START_REF] Thiéry | Groundwater flow modelling in porous media using MARTHE[END_REF][START_REF] Thiéry | MARTHE calculation code -3D modelling of flows in hydro-systems -User manual for version 7.5[END_REF][START_REF] Thiéry | Modelling flow and heat transfer through unsaturated chalk -Validation with experimental data from the ground surface to the aquifer[END_REF]. MARTHE allows 2D or 3D modelling of flow and mass transfer in aquifer systems, including the effects of climatic and human influences. Groundwater flow is computed by a 3D finite-volume approach to solve the hydrodynamic equation based on Darcy's law and mass conservation. The grid geometry used in the numerical model (Fig. 4) is a 22.5×20 km rectangular grid (length on the x-axis: 22.5 km), with boundary conditions at constant head on the east and west sides, and no-flow boundary conditions on the north and south sides (length on the y-axis 20 km). The underground dam is located at the origin of the Cartesian coordinate system. In the x, y plane, cell size varies from 1×5 m at the origin up to1000×1000 m near the model boundaries. Vertically, the aquifer is a 42-m-thick layer subdivided into four 10-m-thick and one 2-m layers (i.e. D0=42 m) and is inclined (i=0.01). The dam is located at 2.5 km (d) from the eastern model limit (constant-head boundary). The aquifer is unconfined, the hydraulic head without dam is parallel to the aquifer substratum, and the model computes a steady-state hydraulic head, as in the analytical model. For numerical modelling purposes, hydraulic conductivity was set at 5.0×10 -4 m/s. However, its value does not affect the result.

Several rectangular underground dam geometries, Lx = 3, 5, 10 m and Ly = 15, 55, 105, 255, 405 and 505 m, were tested, but only some of them are presented below. However, comparisons are similar. Some of the results of the whole modelling are presented in the next section ( § 4.). Figures 5a,b and c compare the results of numerical modelling with analytically computed hydraulic-head values (Eq. 10). As shown on the figure, values computed with the proposed solution, for various 2D cross-sections along the x-axis, match the numerical modelling values.

The standardized root mean square error (RMSE D) was calculated for each numerical-analytical comparison of hydraulic-head values (see inserted tables on Fig. 5a,b&c). RMSE D values range between 0.14% and 0.81%, showing that the proposed semi-analytical solution (Eq.10) agree with the numerical modelling, a good indication of its accuracy. Note that Figure 5a corresponds to a case presented on Figure 3a (black curve with orange circles for d'/σ=2.5, n=2500).

Maximum hydraulic-head variation on the dam sides

The maximum hydraulic-head variation induced in the aquifer by the underground dam logically occurs in the middle of the dam, on its sides (i.e. h(-Lx/2,0) and h(Lx/2,0)). As the proposed semi-analytical solution (Eq.10) does not produce a clear mathematical expression of maxima, several tests tried establishing an empirical relationship between the dam geometry, the aquifer slope and thickness, and the maximum hydraulic-head variations up-and downstream of the dam. The distance to the constant-head boundary (d) was fixed at infinite (d=5000 m, in practice d>5Ly suffices); consequently, its influence is neglected. The tests were carried out only for a dam (no pumping, no artificial recharge area) to avoid overlying complex configurations.

Tests were done with 12≤D0≤42 m and 0.0001≤i≤ 0.02, 1≤Lx≤250 m and 3≤Ly≤1300 m, giving a Ly/Lx ratio ranging between 0.02 and 400. Differences in hydraulic head up-and downstream of the dam were normalized according to the natural hydraulic-head decrease that occurs at the dam location, i.e. (hup-hdown)/(iLx).

Figure 6a shows that the normalized hydraulic-head variation at the dam centre follows a typical characteristic curve as a function of the dam geometry ratio Ly/Lx. For Ly/Lx ratios over 5, this relation can be reasonably approximated by a linear relationship. For smaller ratios, the curve follows a power function starting with normalized hydraulic-head difference of 1 that corresponds to Ly/Lx →0 (absence of dam). As different aquifer thicknesses were used to construct this plot, it seems that its influence on the maximum hydraulic variations can be neglected (no correlation found). Similarly, a normalized maximum increase (hup-hnat.)/(iLx) and a maximum decrease (hnat.-hdown)/(iLx) of hydraulic head at the centre of the dam and on its sides, according to the natural hydraulic head (i.e. no dam, hnat.) were also plotted according to Ly/Lx ratios (Fig. 6b). The results show that differences in normalized hydraulic head are symmetrical and that they also follow near-linear relationships.

Results from the numerical modelling are plotted on graphs (Figs. 6a andb) and confirm the semi-analytical solution (Eq.10). Two field examples, corresponding to the scheme of the developed semi-analytical solution, are also presented. The Massillargues-Attuech subsurface dam is located about 40 km northwest of the city of Nîmes in France (Fig. 7). It features a 470 m long and 3 m wide underground dam (i.e. Ly/Lx=157), built in the 1990s to raise the groundwater level of the alluvial aquifer that became depleted due to gravel quarrying. The aquifer mainly consists of gravel with a hydraulic conductivity of about 5x10 -3 m/s and a thickness of 6 to 10 m, which is completely penetrated by the dam. The hydraulic gradient is about 3.5x10 -3 . The difference of about 1.7 m in hydraulic head, up-and downstream of the dam, was measured between the lake that is fully connected to the aquifer and an observation well located about 20 m downstream of the dam. The point corresponding to the difference in hydraulic head (normalized) falls almost on the theoretical curve (Fig. 6a). Using the defined empirical relationship, the difference in hydraulic head is evaluated at 1.67 m between both sides of the dam, a deviation of less than 2% according to the field measurements.

The second field example is given by [START_REF] Pujades | Barrier effect of underground structures on aquifers[END_REF]. It corresponds to the basement of the El Prat de Llobregat railway station (Spain), where 29-m deep and impermeable diaphragm walls were used to make an enclosure, completely cutting an aquifer formed by sand and gravel deposits. Its thickness ranges from 12 to 20 m, with hydraulic conductivity ranging from 1 to 5x10 -4 m/s. The basement of the railway station can be assimilated to an underground dam that fully penetrates the aquifer. Its length and width are about 1800 m and 200 m, respectively (Ly/Lx=9). According to the given reference, the hydraulic gradient is 6.6x10 -4 , and the variation in hydraulic head from two observation wells, located on either side of the railway station, is about 1.25 to 1.3 m (1.275 m on average). This second field example agrees well with the theoretical curve (Fig. 6a), and the use of the defined empirical relationship gives a difference in hydraulic head of 1.31 m up-and downstream of the basement, thus a deviation of less than 3% according to field measurements.

Theoretical examples of underground dams with artificial recharge area and pumping well

This section presents several theoretical examples associating an underground dam and an artificial recharge area, as well as an underground dam with an artificial recharge area and a pumping well (Eq.10). The objective is to evaluate the effect of the hydraulic conductivity of the aquifer on the hydraulic head and to study how its distribution is impacted by the overall device.

For all simulations, the dam geometry is fixed at Lx= 5 m and Ly=500 m and the artificial recharge area is 2x10 4 m 2 (2xL=100 m and 2yL=200 m) with a uniform percolating flux (R) fixed at 5.56×10 -6 m/s. The natural hydraulic gradient (no dam, no pumping, no MAR) is i=0.005, D0=25 m, and d was set far away to overcome its influence (d=5 000 m). For the first example (Fig. 8), the dam is located at the eastern limit of the infiltrating area (see figure ). For the second one (Fig. 9), the pumping well is located in the middle between dam and recharge area, with a pumping rate fixed at 400 m 3 /h i.e. the same withdrawal rate as the injection one into the recharge area. For the purposes of this modelling, four hydraulic conductivity values were tested: 3×10 -3 , 5×10 -3 , 3×10 -2 and 10 -2 m/s, a range that generally represents aquifers formed of sand, gravel, or a mixture of the two [START_REF] Kruseman | Analysis and evaluation of pumping test data[END_REF].

Figure 8a shows the impact of an underground dam on the steady-state hydraulic head with an artificial recharge area; the black curve shows the steady-state hydraulic head with the dam only. Figure 8b shows the steady-state hydraulic head without a dam, showing that, with a dam alone, the hydraulic head rises by about 1.4 m upstream of the dam and decreases by the same amount downstream. With the addition of artificial recharge, the hydraulic head increases on both sides of the dam, up to +3.5 m upstream and even higher than the natural hydraulic head downstream for less permeable cases (K<10 -2 m/s). These increases are caused by the underground dam that upstream blocks the flux, but lets it pass around the sides, causing the downstream increase. Compared to the cases without a dam (Fig. 8b), the dam increases the hydraulic head induced by artificial recharge up to 1.6 m (K=3×10 - 3 ), locally multiplying by a factor of about two its effect. However, where the hydraulic conductivity is high (K>5×10 -3 m/s), the groundwater 'mound' induced by recharge area flattens out (Fig. 8b), and the effect induced by the dam becomes largely dominant (Fig. 8a).

Where a pumping well is present, it logically decreases the hydraulic head of the whole system (Figs. 9a &b). The dam increases the hydraulic head at the level of the pumping well by up to several tens of centimetres, depending on the case (Fig. 9a), and accentuates the 'performance' of the recharge area. Downstream, the hydraulic head computed for the different scenarios of hydraulic conductivity is very close to that with a dam alone, due to the same pumping rate as the injection rate into the recharge zone (Fig. 9a).

Discussion

Above, steady-state semi-analytical solutions were developed for evaluating the distribution of hydraulic head, caused by an underground dam, with or without a pumping or injection well or an artificial recharge area (Equations 10 and 11). They assumed that the rise or decline of the water table remains small in comparison to the initial saturated thickness of the aquifer (i.e. (𝐾𝐾 -𝐾𝐾 0 ) 𝐾𝐾 0 ⁄ is small). This method of linearization, commonly used for solving groundwater hydraulic problems (e.g. [START_REF] Theis | The relation between the lowering of the piezometric surface and the rate and duration of discharge of a well using groundwater storage[END_REF], was chosen to solve the standard flow equation in steady-state condition (Eq. 1). According to textbooks such as de [START_REF] Marsily | Quantitative Hydrology for Engineers[END_REF], it can be assumed that if (𝐾𝐾 -𝐾𝐾 0 ) 𝐾𝐾 0 ⁄ is <10%, the results can be considered as exact. Based on various theoretical and numerical modelling works for the groundwater mounding induced by artificial recharge in sloping aquifers, though extendable to other situations, [START_REF] Zlotnik | Estimating groundwater mounding in sloping aquifers for managed aquifer recharge[END_REF] proposed the following guidelines for this type of linearization. The relative differences are around a few percent if (D-D0)/D0≤0.5 and on about 10% if 0.5<(D-D0)/D0≤1. For diagnostic purposes, they also suggested that the results may be acceptable even at (D-D0)/D0>1. For example, the numerical modelling example given on Fig. 5a has a ratio of about 5.6% and comparison with the semi-analytical solution (Eq.10) is less than 1% (RMSE_D on curves is 0.7 to 0.8% and at the point of maximum difference in hydraulic head the difference is <0.6%). This again justifies the use of this type of linearization.

Concerning the maximum rise or depletion in hydraulic head caused by an underground dam (i.e. in the middle of the dam, on its sides), several tests with the semi-analytical solution (Eq.10) established an empirical relationship, depending only on the dam geometry (Ly/Lx ratio) and the natural hydraulic gradient, as was further confirmed by numerical modelling (Fig. 6). This empirical relationship assumed that the dam is rectangular and that its greatest dimension is perpendicular to the gradient; its validity is given for Ly/Lx ratios >5 and i≤0.02. These maxima, as mentioned earlier for the hydraulic-head distribution (Eq.10), do not depend on the hydraulic conductivity of the aquifer, since the flow condition without dam is only a function of the hydraulic gradient (i). This point was also mentioned by [START_REF] Pujades | Barrier effect of underground structures on aquifers[END_REF], who derived semi-empirical equations for quantifying the long-term effects of different types of hydraulic barriers (semi-permeable, partially or fully penetrating the aquifer) near the underground dam. The semi-analytical solutions proposed here complement Pujades et al.'s work, by evaluating the spatial hydraulic-head distribution caused by a dam. The proposed graph and the associated empirical relationship (Fig. 6) allows directly assessing the maximum hydraulic head variation on either side of the dam, knowing only the dam geometry and the regional hydraulic gradient (≤0.02). Its validity was tested with numerical modelling and at two field sites, obtaining an excellent agreement between the semi-analytical solution and, the modelled and observed variations. Also note that for the field examples, the validity of the proposed linearization of flow equation was not necessarily respected; indeed (D-D0)/D0 is 0.11 for the Massillargues-Attuech case and 0.04 for the El Prat de Llobregat railway station, thus reinforcing the linearization assumption used here.

As shown by the semi-analytical solution, the hydraulic head rise and decline may propagate far up-and downstream of the dam (see previous figures and Fig. 10 for a 3D view). According to the tests performed, a significant difference of a few centimetres from the natural hydraulic head occurs at about 4 to 5 times the length of the dam upstream and perpendicular to the dam, its effect downstream being felt up to 4 times the dam length. Parallel to the dam, the impact is much less, up to twice the dam length. This rise in hydraulic head may benefit upstream pumping wells, or it may reduce seawater intrusion, but it may also flood basements, or create new wetlands like the Gardon lake near Massillargues-Attuech (Fig. 7a). Conversely, downstream of the dam such depletion can decrease the yields of pumping wells -or even cause them to be abandoned, wetlands may fall dry and seawater can intrude coastal areas. It is thus necessary to carry out hydrogeological and pre-design studies for evaluating the environmental, economic and social impacts of all proposed underground dams (e.g. [START_REF] Ishida | Construction of subsurface dams and these impacts on the Environment[END_REF], Yihdego 2016[START_REF] Attard | Review: Impact of underground structures on the flow of urban groundwater[END_REF], Li et al 2018, Sun et al 2019…).

Several examples have shown the effect of hydraulic conductivity of the aquifer, when pumping, artificial recharge and an underground dam are coupled (Eq.11; Figs. 8 and9). Logically, a dam enhances the performance of artificial recharge by blocking flow. To some extent, the coupling with artificial recharge reduces the downstream depletion created by the dam, compared to a situation with a dam alone. With pumping wells, the dam prevents flow from propagating downstream, but they may accentuate the downstream depletion created by a dam. In the case of highly permeable aquifers (K>5×10 -3 m/s, Fig. 8a), the increase in hydraulic head created by the dam is much higher than that created by artificial recharge alone, despite a high injected flux (400 m 3 /h in the given examples). This suggests that, under such conditions, underground dams are more efficient for increasing the hydraulic head, and that, as mentioned by previous authors (BCEOM 1978, Choi and[START_REF] Choi | Effects of hybrid-type artificial groundwater recharge and underground barrier in a small basin[END_REF], such structures may be needed to prevent artificially recharged water from escaping. Thus, depending on the objective of an underground dam (store water for water supply, restore former water table conditions after quarrying activities or to mitigate seawater intrusion) such structures can be coupled with other devices, such as MAR, to improve their effectiveness.

The developed solutions assumed steady-state condition, and are thus suitable for evaluating long-term effects. However, during the building of an underground dam and after, it is of primary interest to model the transient behaviour of the hydraulic head. This allows, at least, to prevent a water-level rise or depletion near the dam and beyond, and to refine the design of the dam so as not to exceed a certain water level or to evaluate the time required to reach a quasi-steady state condition (El-Hames 2012). In addition, transient behaviour is needed for understanding how the resulting rise and/or depletion evolved under dry and/or wet conditions, and to assess, particularly in the dry season, how long the hydraulic head rise created by the dam will be effective for water supply wells, for example. Another point, not been explored here but which the authors want to emphasize, is the increase of flux at the dam edges. Figure 3a shows that the regional gradient near the dam walls is increased by a factor 4.5. Other simulations with a long dam (up to 1300 m, not shown here), increase the gradient by a factor of about 10. This can cause geotechnical issues to prevent edges from collapse or the appearance of voids in the ground.

Conclusions

This study proposes a steady-state semi-analytical solution for assessing the long-term spatial distribution of the hydraulic head caused by an underground dam whose extension concerns a limited part of the aquifer width Eq.10). The aquifer is assumed homogeneous, slanted and semi-finite. The dam fully penetrates the aquifer, is impermeable and is assumed to be rectangular with one of its length perpendicular to regional groundwater flow. The developed solution is based on the method of fundamental solutions and this work highlights that this tehcnique is a useful analytical technique to overcome the difficulty of finding an analytical solution in complex systems. However, the accuracy of the method depends upon the number of image wells used and their distance to the dam sides. Sensitivity tests show that the results are reliable for d'/σ ratios ranging between 2.0 and 3.0. The semi-analytical solution satisfactorily compares with numerical modelling. It is also demonstrated that the hydraulic head does not depend on aquifer hydraulic conductivity.

Dimensionless graphs relating the dam geometry to maximum hydraulic-head variations up-and downstream of the dam are given. An empirical linear relationship of the maximum difference in hydraulic head between the two sides of the underground dam, which depends only on the dam geometry (Ly/Lx ratio) and the regional natural hydraulic gradient (i) is established. This behaviour agrees with the results of previous studies and with the results of numerical modelling and at two field sites. The proposed relationship is valid for Ly/Lx ratios >5 and i≤0.02, and can be used for pre-design purposes.

In addition, the spatial extent of the rise and fall of the hydraulic head created by an underground dam was examined. Hydraulic-head changes propagate far upstream and downstream of the dam, about 4 to 5 times the length of the dam.

A Semi-analytical solution is also given when an artificial recharge area (MAR) and/or a pumping (or injecting) well are located near the underground dam (Eq.11). For these cases, hydraulic head further depends on aquifer hydraulic conductivity. It is shown that the dam enhances the performance of artificial recharge by reducing downgradient flow. Interestingly, in the case of highly permeable aquifers, the increase in hydraulic head created by the underground dam may be much higher than that created by artificial recharge alone, despite high injected flux. In these cases of highly permeable aquifers at least, combining a MAR device with an underground dam appears to be an attractive combination for preventing the escape of artificially recharged water.

Respecting the mathematical assumptions of the model, the proposed solutions can be used to assess the long-term spatial effects on groundwater to prevent possible environmental, economic and social impacts. They are intended to guide the design of such structures, especially to quickly test various configurations, which with conventional numerical modelling techniques can be time consuming. Future works should consider the transient behaviour of the hydraulic head not only during the building of the underground dam, but to evaluate how long is needed to reach quasi-steady state, and to assess during the dry season over how long the rise created by the dam will be effective for water supply wells and other abstraction needs. Other aquifer and underground dam geometries could also be tested. 
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 1 Fig. 1. Conceptual models of the theoretical examples presented. a) An underground dam alone and b) an underground dam with a pumping well and a managed aquifer recharge device (MAR).
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 2 Fig.2. Sketch of the conceptual model of an underground dam. a) Section view (dam alone). b) Plan view (dam alone) with the displays of image wells; the equation on the left side corresponds to Eq. 5 and the one on the right corresponds to ones of Eq. 8. c) Plan view with an underground dam, a pumping or injecting well, and an artificial recharge area.
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 34 Fig. 3. Sensitivity tests performed with Eq. 10 for an underground dam alone. a) hydraulic-gradient computation along the underground dam for different d'/σ ratios. Lx=3 m, Ly= 505 m, i= 0.01, D0=42 m, d'= 0.8m and 500≤n≤3000. b) d'/σ vs. normalized hydraulic-head gradient calculation along the dam (average of 1 𝑖𝑖
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 5 Fig. 5. Comparison of the analytical solution with numerical modelling (dam alone; Eq.10). a) Lx: 3 m, Ly: 505 m, b) Lx:5 m, Ly: 255 m, and c) Lx:3 m, Ly: 105 m. For all cases, D0=42 m, i: 0.01 and d: 2500 m. RMSE D: standardized residual mean square error.
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 6 Fig.6. Underground dam geometry ratio Ly/Lx vs. a) normalized hydraulic-head variation at the dam centre, i.e. h(-Lx/2, 0) and h(Lx/2, 0). The proposed equation is given for Ly/Lx>5. Also shown: results of the numerical modelling and the two field examples. b) Normalized maximum increase (hup-hnat.)/(iLx) and maximum decrease (hnat.-hdown)/(iLx) of hydraulic head at the dam centre and on its sides. On graph: h_dam=hup or hdown, hnat.: hydraulic head without dam (natural flow condition). Hydraulic-heads were computed with Eq.10.
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 7 Fig. 7. Massillarges-Attuech underground dam (470 m long and 3 m wide) in France. a) Location and water-table map in October 2022 (metres above sea level) on a 25x25 m cell grid; line contours: 0.5 m. b) Cross sectionshowing topography and water-table (m.a.s.l.); the underground dam creates, on its sides, a maximum hydraulichead variation of about 1.7 m (∆h).

Fig. 8 .

 8 Fig.8. Theoretical examples of an underground dam with a recharge area for different aquifer hydraulic conductivities (Eq.11 with Qp=0). Lx=5 m and Ly=500 m, 2xL=100 m and 2yL=200 m, R=5.56x10 -6 m/s, i=0.005, D0=25 m and d=5000 m. K=3×10 -3 , 5×10 -3 , 3×10 -2 and 10 -2 m/s. a) With the underground dam. b) Without dam, only the recharge area. Natural hydraulic head: no dam, no pumping, no recharge area.

Fig. 9 .

 9 Fig.9. Theoretical examples of an underground dam with recharge area and pumping well for different aquifer hydraulic conductivities (Eq.11). Lx=5 m and Ly=500 m, 2xL=100 m and 2yL=200 m, R=5.56×10 -6 m/s, i=0.005, D0=25 m and d=5000 m. K=3×10 -3 , 5x10 -3 , 3×10 -2 and 10 -2 m/s, Qp=400 m 3 /h. The pumping well is located 150 m from the dam and the MAR. a) With the underground dam. b) Without dam, only the recharge area and the pumping well. Natural hydraulic head: no dam, no pumping, no recharge area.

Fig. 10 .

 10 Fig. 10. 3D (half-space) graph of hydraulic-head disturbance created by an underground dam (Eq.10). Lx= 5 m and Ly=500 m, i=0.005, D0=25 m and d=5000 m. Black contour lines: hydraulic head and, blue contour lines (∆h): difference in hydraulic head compared to condition without dam. The arrows indicate the direction of groundwater flow.
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