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Abstract

Model uncertainties are generally integrated in environmental long-running numerical
simulators via a categorical variable. By focusing on Gaussian process (GP) models, we show
how different categorical kernel models (exchangeable, ordinal, group, etc.) can bring
valuable insights into the correlation of the simulator output values computed for different
levels of the categorical variable, i.e., the interlevel dependence structure. Supported by two
real case applications (cyclone-induced waves and reservoir modeling), we have proposed a
cross-validation approach to select the most appropriate kernel by finding a trade-off between
predictability, explainability, and stability of the covariance coefficients. This approach can
be used effectively to support some physical assumptions regarding the categorical variable.
Through comparison to tree-based techniques, we show that GP models can be considered a
satisfactory compromise when only a few model runs (~100) are available by presenting a
high predictability and a concise and graphical way to map the interlevel dependence

structure.
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1 Introduction

High-resolution numerical simulators are key components of environmental science that help
to obtain deeper insights into the behavior of natural systems. Some examples are Veeck et al.
(2020) for hydrologic modeling; Zhao et al. (2013) for agricultural modeling; Vandromme et
al. (2020) for landslide modeling; Abily et al. (2016) for urban flooding; and Idier et al.
(2020) for marine flooding. To model the natural system, these simulators all have in common
to involve a large spectrum of assumptions related to the choice in the structure/form of the
model (e.g., 1D versus 2D modeling, Leandro et al., 2009), the selection of the physical
processes regarded as “relevant and prominent” (e.g., account for spatial heterogeneity, Liu et
al., 2017), the use of alternative physical laws (e.g., different soil water retention curves, Silva
Ursulino et al., 2019), the system’s future evolution (e.g., future gas emission scenarios, Le
Cozannet et al., 2015; or land use change, Mishra et al., 2018), etc. Depending on the
modeling assumptions, the simulation results can differ, hence resulting in model uncertainty
termed structural uncertainty (e.g., Hill et al., 2013).

Some of these modeling assumptions can be modeled by means of continuous variables (such
as geotechnical properties of a given soil formation or time series of rainfall conditions at a
given location, etc.), some of them involve categorical variables, i.e., multilevel indicators
that take up a finite number of discrete values; each discrete level of the categorical variable is
associated with a different modeling assumption (e.g., level a is associated with modeling
assumption a). Some real case applications are provided in the domain of safety analysis of
radioactive waste disposal by Storlie et al. (2013); earthquake risk assessments by Rohmer et
al. (2014); marine flooding induced by sea level rise by Le Cozannet et al. (2015); reservoir
engineering for CO; geological storage by Manceau and Rohmer (2016); pollution risk

analysis and management by Lauvernet and Helbert (2020), etc.



Quantifying the correlation of the simulator output values computed for two levels (i.e., two
modeling assumptions) of the categorical variable (whatever the values of the other input
variables) is of high interest to measure the impact of structural uncertainty, because it
informs whether each level should be treated equivalently with respect to the numerically
simulated variable of interest or if there is any dependence among the levels like a group
structure. This type of structure, named the “interlevel dependence structure” in this study,
can be useful to identify modeling assumptions that should be considered a priority in
complementary simulation-based studies. For instance, a level showing pronounced impact on
the variable of interest suggests where to focus the simulation-based exploration, and a group
structure suggests simplifying the analysis by restricting the analysis to a single member of
the group. Beyond structural uncertainty, such information may be of interest to support the
analysis of deep uncertainty based on scenario discovery (Kwakkel and Jaxa-Rozen, 2016).

Our objective is to develop a statistical procedure to learn the interlevel dependence structure.
Due to the high computation time cost of numerical environmental simulations, we aim to
learn the dependence structure with only a few model runs (on the order of 100) by relying on
the design and analysis of computer experiments (Santner et al., 2003). The key element of
the proposed procedure is the use of Gaussian process models, denoted GP models (Williams
and Rasmussen, 2006) with covariance functions (also known as kernels) adapted to handle
mixed continuous/categorical inputs and combined by tensor products (e.g., Roustant et al.,

2020; Qian et al., 2008; Zhang et al., 2020).
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Figure 1 (a). Synthetic test function with continuous input variable x. Each color indicates a
different level of the categorical variable u. Each dot corresponds to a model run. (b) Correlation
matrix for u derived from the GP-based analysis using 25 model runs.

The kernels specify how similar (i.e., correlated) two instances of the variable of interest, e.g.,
y and yo, are expected to be at two input values u and uo (i.e., in our case, at two levels of the
categorical input). This “similarity” function can be encoded in different manners depending
on the assumptions regarding the categorical variable (nominal/ordinal, interdependence
between the levels, interactions between given levels, etc.); see, for instance, Roustant et al.
(2020) and Lauvernet and Helbert (2020). Once fitted, the resulting correlation matrix
provides the mapping of the dependence structure.

To illustrate the type of results that can be derived, Figure 1(a) depicts an unknown
relationship between a continuous and a categorical input variable with 5 levels (i.e., five
modeling assumptions). Figure 1(b) depicts the correlation matrix derived from the GP-based
analysis given 25 model runs. A group of highly correlated levels are identified for ui4 as
well as the decreasing correlation of us with the others (from 25 to 15% considering us to u).
These observations are consistent with the test function. If the functional relationship in
Figure 1(a) had been known, this result would have been straightforward, but here the
structure is unknown and can be learned only with a limited number of numerical results (here
with only 25 model runs). This result (that is further discussed in Sect. 4.2) depends on how
the kernel model is defined, which raises the question of model selection that is addressed in
the present study by relying on a multicriterion analysis.

The paper is organized as follows. Section 2 describes the different steps of the proposed
procedure as well as the statistical methods. In this latter, we provide the formal definition of
the interlevel dependence structure related to the GP correlation matrix (Sect. 2.2) by relying
on the tensor product of kernels for continuous and categorical variables (Sect. 2.3). A
multicriterion approach for selecting the categorical covariance kernel model is also detailed
(Sect. 2.4). Section 3 describes the application cases, i.e., the synthetic case (described in
Figure 1) and two real cases, namely, cyclone-induced wave numerical modeling (Rohmer et
al., 2016) and reservoir modeling of CO; storage (Manceau and Rohmer, 2016). Both real
cases are representative of two distinct situations. The cyclone case illustrates a situation
where a physical intuition on an a priori influence of the categorical variable is available,
whereas the reservoir case illustrates the opposite situation where the physical intuition is

harder to give. The procedure is then applied to each of these cases in Section 4. In Section 5,



we further discuss the results by comparing the GP-based procedure to a popular alternative

approach based on tree-based techniques. On this basis, practical recommendations are then

defined in Section 6.

2 Methods

2.1

Description of the procedure

The proposed procedure is as follows:

Step 1: We follow the approach of design and analysis of computer experiments
(Santner et al., 2003). A series of runs of the expensive-to-evaluate environmental
simulator were performed by considering a limited number of randomly selected input
variable configurations;

Step 2: Using the set of random computer experiments (training dataset), different
hypotheses regarding the structure of the considered input categorical variable are
tested and modeled by means of different kernel (covariance) formulations (see further
details in Sect. 2.2 and 2.3);

Step 3: The question of selecting the most appropriate kernel is examined by
analyzing different aspects, i.e., by considering different criteria as described in Sect.
2.4. The objective is to select the resulting GP model that can achieve a trade-off
between the different criteria.

Step 4: Since the practitioner is preferably interested in the dependence structure
between the modeling assumptions, the correlation matrix derived from the covariance
matrix is analyzed (see further explanation in Sect. 2.2).=This result can be confronted
with some a priori physically based interpretation of the categorical variable influence

that the practitioner may have before analyzing the computer experiments.

2.2 Gaussian process for mixed continuous and categorical inputs

Let us consider the set of d continuous input variables x=(xi,...,xq) and the set of J categorical

inputs u=(u1,...uy) withn,_, ..., n, ; levels that represent the categorical inputs. The output y is

then computed using the numerical environmental simulator f(.) as y = f(x,u) = f(w).

In the context of Gaussian process (GP) modeling (also named kriging, Williams and

Rasmussen, 2006), the function f(.) is assumed to be a realization of a GP (Y(w)) with a

constant mean ¢ and a covariance function k(.), named kernel, that can be written as follows:
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vw,w’, k(w,w’) = cov(Y(w),Y(w")) (1)

Let us denote (wl,..,w™)the training samples and y = (y! = f(w?l),..,y" = f(w"))
denote the corresponding results. The prediction at a new observation w* is given by the

kriging mean ¥ (w*) as follows:
Y(w?) = EY(wH)|Y(wh) =y, .., Y(WY) =y") =pu+cl-.CL (y — ul) )

where C is the covariance matrix between the points Y (w?l),....Y(w™) whose element is
C[i,j] = k(w',w/); ¢y~ is the vector composed of the covariance between Y(w™) and the

points Y (w?),..., Y(w™), and I is the identity vector of length 7.

The prediction at w*can be associated with an error estimate provided by the kriging variance

62 given by:
62(w*) = Var(Y(w)|Y(wh) =y1, ..., Y(w") =y™) =C(w",w*) —cL..CLc,- (3)

Using the GP mean and variance (Equations 2 and 3), the prediction interval Pla at the given
confidence level a (e.g., @=95%) can be computed as follows:

* 4 * P * 1+ 4 * A * 1+
Pl,(w*) = [Y(w") —6(w )-qN(O,l)(Ta)IY(W ) +a(w™). QN(0,1)(TQ)] 4)

. . 1 L
where qy o 1)is the quantile of order %’ of the standard normal distribution.

Accounting for a mixture of input variable types - continuous or categorical (ordinal or
nominal) - is made via the covariance function k(w,w’). Here, it is assumed to be the tensor
product of the covariance function for the continuous inputs k.,n:(X,X") and the ones for the
categorical inputs kei(wu’)  as  k(w,w') = keoni(X,X') ]’[{=1 ki (u;,u’;). Other

combination approaches are possible (as discussed by Roustant et al., 2020).

The covariance function k., can be described by kernel models that are commonly used in
the computer experiment community. In the present study, we restrict the analysis to the
stationary twice differentiable in the mean square Matérn 5/2 model (Williams and
Rasmussen, 2006). The categorical covariance functions k., (i = 1, ...,]) can be described in
different manners depending on the assumption related to the categorical input, as described

in Sect. 2.3.

In practice, k., can be interpreted, under the homoscedastic assumption, as the kernel (up to

a multiplicative constant) of the 1D section u; = Y(x,u;,u_;), where x and u_; =



(g, ooy Uj—1, Uiy, - Uy) are fixed. In practice, we prefer using the scaled form of the
covariance, i.e., the correlation to ease the interpretation of the dependencies of the simulator
output on interactions between the levels of the categorical variable (i.e., of the modeling
assumptions). With the same notations, the correlation kernel (derived from kly) is

interpreted as the correlation of the 1D section u; = Y (x, u;, u_;), regardless of x and u_;.

Thus, the inspection of k’,, reveals the correlation of the simulator output explained by the i
categorical input, the others being fixed. Note that such a correlation does not depend on the

remaining inputs, which is a result of constructing k(.) by tensor product.

2.3 Covariance kernel models for categorical inputs

Table 1 summarizes the different options for defining a categorical covariance function, their
interpretation and their practical implementation. The interested reader can refer to Roustant
et al. (2020) and references therein for a more formal presentation, in particular with an
analysis of the positive definiteness of covariance matrices. Note that we restrict the
presentation to the case of a single input with n; levels, which is hereafter denoted by u. The
generalization to multiple categorical inputs can be done by following the tensor product

formulation described in Sect. 2.2.

Table 1. Different options for representing the categorical input variable using a kernel

(covariance) model

Type of | Symbol | Assumption Implementation Equation
covariance
matrix
Compound CS No difference  in | A unique correlation | 5
Symmetry influence across levels | coefficient
General Gen All interlevel Each level has its own 6
dependencies are variance coefficient and a
considered between-level structure
exists
Group E Levels are gathered by | Block structure 7




groups defined with

expert information

Low rank | LR Level dependencies are | The covariance matrix is | 8

approximation explained by a few key | related to a matrix of
latent continuous | lower rank q with typical
variables value of 2 or 3

Ordinal O The levels can be | Combination of alo

ordered, i.e., they are | continuous kernel with a
seen as discretized | nondecreasing warping
values of a latent | function modeled with

ordinal variable. splines.

When the practitioner assumes that no preference can be given to the n; levels (i.e., all
considered scenarios are considered to have the same influence), k.,; can be described by an
exchangeable covariance (Qian et al., 2008) - also named the compound symmetry (denoted

CS) - function as follows:

2 '
cs N _ fo° ifu=u
kexe(u,u') = {p.az ifu = u &)

where p is a unique correlation coefficient satisfying p € ]— — 1].
o

When the practitioner assumes that the variable of interest will act differently depending on
the considered level but without excluding some dependencies between these different
responses, k¢, can then be described by the most general (and complex) dependence structure
where each pairwise coefficient can take a different value depending on the considered levels

u,u’. The covariance function reads as follows:

: !
Cyu ifu #u

kSeP (u,u) = { (6)

v, ifu=u

The latter structure can be simplified by adding a priori information on the dependence
between the levels, for instance, by relying on expert-based information. A possible option is
to assume that some levels perform similarly and that they can be grouped. Assume that the

n; levels of u are partitioned into G groups, and denote g(u) as the group number



corresponding to a given level u. Then, the covariance function can be written as (Roustant et

al., 2020):

Cou),gu") ifg(w) # gu)

. , 7
Vo If gw) = g(u') @)

kéar(u,u') = ke (g(w), g(w) = {

Ci,j
v

between-group correlations. The structure can be simplified by assuming that the correlation

where for all i,j € {1, ..., G}, the terms % are within-group correlations, and (i #j) are

value for each pair of groups is unique by means of a compound symmetry matrix (Pinheiro

& Bates, 2000).

Instead of deriving the groups based on expert information, a possible option is to explain the
level dependencies by a few key latent continuous variables using a low rank approximation

(Roustant et al. 2020) so that the covariance matrix k:% can be defined as:
ke = Q.Q" (®)

where the matrix Q is of size n; Xq where q is low. The higher q is, the more likely the danger

of overfitting. In practice, typical values of q are 2 or 3; a value of 1 is not recommended (see

Zhang et al., 2020).

When the practitioner assumes that the levels can be ordered, this means that the categorical
variable can be described by an ordinal continuous variable that is not directly observed (i.e.,
it is said to be “latent”), and the levels are seen as discretized values of this ordinal variable
(Qian et al., 2008). The corresponding covariance function can be defined by taking

advantage of the tools available for the continuous variables as follows:

ké)at(u’ u') = Econt(F(u)r F(u")) )]
where Econt is a one-dimensional continuous kernel (such as the Matérn 5/2 model), and F(.)
is a one-dimensional nondecreasing function (also called warping) F:{1,...,1n,} - R. The

warping function can be modeled via a parametric model (e.g., the cdf of a flexible
probability distribution such as Normal or Beta) or a nonparametric model (e.g., a piecewise-

linear or a quadratic spline) as detailed by Roustant et al. (2020).

2.4 Kernel model selection

As mentioned above, different kernel modeling choices can be made to represent the

categorical variable, raising the question of selecting the most appropriate kernel covariance

9



model. Depending on the modeling objective, different approaches exist for selecting an
optimal model with respect to a specific criterion (Burnham and Anderson, 2002); for
instance, a model that satisfactorily represents (i.e., explains) the relationships between inputs
and outputs might not necessarily perform as well for prediction. Therefore, we propose to
examine different viewpoints on the problem of kernel selection by analyzing different
criteria. This multicriterion approach shares similarities with the data science framework
proposed by Yu and Kumbier (2020), who advocate analyzing three core principles:
predictability, computability, and stability. To select the most appropriate kernel model (given

the training dataset), we investigate whether the considered GP model is capable of:

Predictability. This concept is related to whether the GP model is capable of predicting “yet-
unseen” input configurations, i.e., samples that have not been used for training, which can be
assessed by using independent test samples, bootstrap or cross-validation approaches (e.g.,
Hastie et al., 2009). Two indicators are estimated. The first indicator, denoted Q2 measures
the deviation from the true output value. Given a test set 7', Q? is defined as follows:

02=1- Yier(i =9i)* (10)

Z[eT(yi _3_] )2

where 9; is the i GP-based prediction of the model output y;, and y = I_;IZiET y; is the

average value for the test set. A coefficient Q? close to 1.0 indicates that the GP model is
successful in matching the new observations that have not been used for the training. For the

sake of comparability between the different criteria, we consider 1-Q?.

The second criterion is related to the coverage (denoted CA) of the prediction intervals Pla

(Eq. 4) at the given confidence level a calculated on the test set 7, defined by:

1
CA = Xier Ly eprowiy) (11)

where 14 is the indicator function. CA evaluates whether the model output y; is within the
bounds of the prediction interval. The GP-derived Pla is “optimal” when CA is close to the
theoretical value of a. For the sake of comparability between the different criteria, we

consider the “error in coverage” defined as 1-CA.

Explainability and simplicity. The former concept relates to whether the considered GP model
is capable of representing the data, for instance, by analyzing the likelihood /. However,

adding more model parameters results in increasing the explainability. To counterbalance this

10



tendency (related to overfitting), a penalty term is generally introduced (see, e.g., Hoge et al.,
2018) to select a simpler model. Here, simplicity refers to the number of GP model
parameters, but alternative definitions exist (see, for instance, Rougier and Priebe (2020), who
introduce the concept of flexibility). By assuming that the true GP model exists and that it is
among the set of candidate GP models, we propose relying on the Bayesian information

criterion BIC (Schwarz, 1978) described as follows:
BIC = 21log(l) + k.log(n) (12)
where k is the number of parameters and » is the number of observations.

Stability. We explore to what extent the kernel correlation matrix (derived from the
covariance matrix) is stable to the perturbations in the training dataset. We evaluate an error
measure between the correlation matrices I/?\O, estimated using the GP model fitted with the
whole training dataset and 1’?\], estimated at the j™ iteration of the n.,-fold cross validation
procedure. For instance, when n.,=5, the training dataset corresponds to the whole training
dataset, from which 20% of the observations have been randomly removed. The error

measure is defined by:
1 v || B 112
err = n—CVZk:l”R0 — Rk”p (13)

where ||. || is the Frobenius matrix norm. By restricting to the nondiagonal elements in the

. =~ . 1 1 . A A
upper triangular part of R, Eq. 12 is calculated as — Zi”l (n— Z?zpl (Fio — ri,k)z), where 7; ¢ is
cv P

the i coefficient of R, (read in column order for instance), 7;  1s the i" coefficient of Ry, and
n, is the number of terms of R. Note that alternative formulations could also be proposed to

better account for the correlation matrix structure, such as the diagonally weighted matrix

norm proposed by Cressie and Hardouin (2019).

3 Description of the application cases

In this section, we describe the application cases, namely, a synthetic test function (Sect. 3.1)
and two real cases in the domain of cyclone-induced wave modeling (Sect. 3.2) and reservoir

engineering (Sect. 3.3).

11



3.1 Synthetic case

We first consider a synthetic test function using a modified version of the two-dimensional
Branin function' where one continuous variable u is assumed to reach only discrete values as
follows:

(h(x,—20), ifu=1
h(x,—10), ifu=2
y=1h(x,—-75), ifu=3 (14)
h(x,—5.0), ifu=4
—5.h(x,20), ifu=>5

5 5 2 1 )
where h(x,z) = (Z ~Tz x? +;x — 6) + 10. (1 —E[).cos(x) + 10, with x €

[—5,10]. By construction, levels 1-4 are highly correlated (see Fig. 1a). We consider the

different categorical kernels defined in Table 1 with the following assumptions:

- Expert-based groups. Two experts have given their opinions: the first expert (denoted
E) indicates a ‘realistic’ grouping of levels (i.e., consistent with the true function), and
the second one (denoted EW) indicates an unrealistic grouping (i.e., (u1,u3), and
(u2,u4,us));

- Low rank approximation. A matrix with rank of q=2 is tested (denoted LR2);

- Ordinal variable. The levels are ordered by following the level index. For the expert-
based grouping, we assume that another expert does not know the correct ordering and

assumes an unrealistic order (denoted OW), i.e., us<uz<us<uz<uj.

The training dataset is defined through random sampling by considering m x-points per u-

level with m=4, 5 and 6, i.e., with different training dataset sizes of 20, 25 and 30.

3.2 Real case application 1: cyclone-induced waves

The first real case is based on Rohmer et al. (2016) and deals with the modeling of waves
induced by cyclones at Sainte Suzanne city located in the northeast of Reunion Island (Fig.
2b). The aim is to analyze the evolution of the significant wave height Hs (maximum value
over time) as a function of the cyclone characteristics. These parameters are modeled by

means of five scalar continuous input parameters, namely, the maximum wind speed, the

! http://www.sfu.ca/~ssurjano/branin.html
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radius of maximum winds (i.e., the distance from the cyclone eye at which the maximum
wind intensity is reached); the shift around the central pressure; the forward speed defined as
the translation speed of the cyclone eye, and the landfall position, which both characterize the
minimum distance and the relative position of the track to the studied site. A set of seven
historical cyclone tracks are considered: these tracks are randomly shifted (via the continuous
input variable modeling the relative position of the track) from their original track so that they
cross the center of Reunion Island (see Fig. 2b): a categorical variable is defined here, with
each level corresponding to a given track. A series of 100 computer experiments were
performed by randomly sampling the inputs using a Latin hypercube sampling approach
combined with a maximin criterion (Johnson et al., 1990). The design of the experiments is

presented in Appendix A.

(a)

0 - — - ';if__ == .

GaelNE  GiovannaMNE HollandaNE  Dumile N BejisaNW  Haliba NW  Banzi NW

Giovanna

Lat (°)

44 46 48 50 52 54 56 58 60 62 64 66

Lon (°)

Figure 2. (a) Boxplot of the maximum significant wave height Hs (m) considering each
cyclone track ordered according to the angle of approach from 0° to 180° (from the east —
leftmost part to the west — rightmost part); (b) Cyclone tracks used for modeling the waves at

Saint Suzanne city (Reunion Island).
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Accounting for the spatial variability of the track (as illustrated in Fig. 2b) requires integrating
each cyclone’s spatial position along the track as an input variable of the GP models, which is
hardly feasible in practice. An a priori physical interpretation of the track influence speculates
that H; is strongly related to the angle of approach of the cyclone in the vicinity of the studied
site, which increases from 0° (east direction) to 180° (west direction); 90° is north, confirmed
by the sensitivity analysis of Rohmer et al. (2016). This means that the track effect can be
summarized by a single scalar continuous input, i.e., in relation to the angle of approach. The
analysis of the boxplots in Fig. 2a seems to support this hypothesis; in particular, the median
value of the maximum H; appears to increase as the angle of approach increases from 0 to 90°
(from Gael to Dumile cyclone). However, the tendency from 90° to 180° (from Dumile to
Banzi cyclone) is less clear, especially for Banzi; the difficulty in the interpretation may here
be related to the complexity of this cyclone track compared to the quasilinear shape of the
others (Fig. 2b). To support the evidence of the influence of the angle of approach, a more
rigorous analysis is needed here: the validity of this hypothesis is further investigated using a
GP model with different categorical kernels as described in Table 1 with the following

assumptions:

- Expert-based groups. A first assumption relies on the selection of two groups: one
composed of the 4 cyclones (Gael, Giovanna, Hollanda, and Dumile) coming from the
northeastern (NE) quadrant and another group composed of 3 tracks (Bejisa, Haliba,
and Banzi) coming from the northwestern (NW) quadrant (Fig. 2). A second
assumption based on three groups is also tested by differentiating the track whose
angle is almost at 90° (North), namely, the Dumile cyclone (Fig. 2). In addition, two
assumptions are made regarding the link between the groups by specifying a general
(assumption E2 and E3) or a compound symmetry covariance (assumption E2c¢s and
E3cs);

- Low rank approximation. Ranks of q=2 and q=3 are tested (kernels denoted LR2 and
LR3, respectively);

- Ordinal variable. The levels are ordered following the angle of approach.

14



3.3 Real case application 2: CO2 geological storage

The second real case application corresponds to the modeling of the long-term fate of stored
CO: in a deep aquifer on a potential project in the Paris basin (France) as described by
Manceau and Rohmer (2016). The injection of 30 Mt of CO; over 30 years in the Lower
Triassic sandstone formation at a depth of approximately 1,000 m was numerically simulated.
The evolution of the quantity of mobile CO; for a time period of 150 years after the injection

stopped was investigated as a function of:

- two continuous input variables, namely, the porosity and the intrinsic permeability of
the aquifer rock formation;

- four categorical input variables related to the assumptions for permeability anisotropy
(“minor”, “medium”, and “large”), regional hydraulic gradient (“absence” and
“activated”), capillary effect (“absence” and “activated”), and the choice in the
physical law used to model the relative permeability as a function of CO saturation
(ten choices), as depicted in Fig. 3. Due to the importance of the latter parameter (as
shown by Manceau and Rohmer, 2016), the following analysis focuses on this

variable.

A series of 100 computer experiments was performed by randomly sampling the inputs using
a Latin hypercube sampling approach combined with a maximin criterion. A base 10
logarithm transformation was applied to the quantity of mobile CO; due to the large

asymmetry of its distribution. The design of the experiments is presented in Appendix A.
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Figure 3. (a) Boxplot of the amount of mobile CO> considering each physical law index (1-
10). Colors indicate the expert-based grouping of the laws. (b) Maximum residual saturation
of CO» for each law. Relative permeability law used in the reservoir test case: (c) water; (d)

CO:a. See Sect. 3.3 for a description of the physical processes related to these laws.

Unlike the case described in Sect. 3.2, it is harder to give a physical intuition on an a priori
influence of the categorical variable related to the relative permeability laws. This lack of
intuition is related to the richness of the information associated with the process of residual
trapping that is related to different aspects: (1) the capacity of the porous medium to allow the
flow of the gaseous phase in the presence of another phase (called relative permeability) is
represented as a function of the gas saturation in the porous medium (see examples in Fig.
3c). This capacity is associated with a potential hysteretic effect resulting in a nonunique

dependence during the flow over time (see further details in Juanes et al., 2006); (2) the
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capacity of the alternative phase (water) that is represented by another function of the
saturation (Fig. 3d); and (3) the considered phase (gaseous or aqueous) progressively becomes
isolated when its saturation decreases in a porous medium, leading to saturation that cannot be
reduced: these specific situations are called residual saturations for the gaseous phase (Fig.

3b) and irreducible saturations for the aqueous phase.

To help formulate a physically based assumption about the interdependencies, the boxplots in
Fig. 3a allow us to identify some specific law behaviors, especially for law 1. Some tendency
can also be noticed when ordering the laws in a specific order with respect to the median
values of the variable of interest. To obtain a clearer picture, we test the validity of these
observations via the proposed GP-based approach by considering the different categorical

kernels described in Table 1 with the following assumptions:

- Expert-based groups. The grouping should account for the three facets of the CO;
flow in porous media, i.e., by integrating the three pieces of information depicted in
Fig. 3b-d: dissimilarities in both the imbibition, drainage curve shape and residual
trapping model. On this basis, the following grouping is proposed: (law 2; law 10);
(law 6-9), (law 1); (law 3); (law 4); (law 5). In addition, an assumption is made
regarding the link between the groups by specifying a general or a compound
symmetry covariance (assumption denoted E and Ecs, respectively);

- Low rank approximation. A rank of q=2 and of q=6 (i.e., of the same number of
expert-based groups) are tested (kernels denoted LR2 and LR6);

- Ordinal variable. The levels are ordered with respect to the value of the maximum

CO2. residual saturation (Fig. 3b).

The three other categorical variables are modeled as follows. The regional hydraulic gradient
and the capillary effect are both assigned a compound symmetric kernel. An ordinal kernel
with spline-based warping is defined for the permeability anisotropy because there is a

“natural” ordering of the levels.
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4 Results

4.1 Implementation procedure

In this section, we apply the GP-based procedure described in Sect. 2 to the cases described in

Sect. 3. To ensure identifiability of the model defined with k(.,.), we treat k., as a

covariance kernel and each kgat as a correlation kernel (j=1...,J). For all GP models, we
consider a Matérn 5/2 covariance matrix for the continuous variables. For the ordinal kernel
kO, a Matérn 5/2 continuous kernel is combined with a quadratic nondecreasing spline
warping function F (see Eq. 9). We consider GP models with constant trends and fit them
using the R package kergp (Deville et al., 2018) by applying a prescaling and centering of the
continuous input variables and of the variable of interest. The covariance parameters are
estimated via a maximum likelihood approach using the derivative-free constrained optimizer
by linear approximations named COBYLA developed by Powell (1994) with 250 randomly
selected initial starts. The predictability and stability were assessed via a 5-fold cross-

validation procedure repeated 25 times.

4.2 Application to the synthetic case

Considering the synthetic test case, Fig. 4 depicts the GP-derived correlation matrices for
each of the kernel assumptions described in Sect. 3.1 using the training dataset of intermediate
size (m=5). The application of the expert-based and ordinal kernel assumptions (Fig. 4c, e)
shows some consistent structures among the levels, namely, the highly correlated group for u:
to u4 and the particular behavior of us. The magnitude of the interdependencies between the
identified group and us differs slightly: assumption E indicates a low-to-moderate correlation
(~10%), whereas assumption O indicates a decreasing correlation from 25 to 15% for us-1. The
structure of interlevel dependencies is richer for the general (Fig. 4a) and LR2-based GP models
(Fig. 4b). For these correlation matrices, the interpretation is also less straightforward than for E
or O, for which some group structures are more easily identified. The visual inspection of both
matrices suggests, however, some interesting features, i.e., the increasing correlation between u4
(for Gen) and the particular behavior of us, as well as a possible grouping of w24 (for LR2).
Capturing the correlation structure can be hard for these cases given the size of the training
dataset (of 25); this is further discussed below when analyzing the stability criterion. In this
case, the exchangeable assumption (i.e., compound symmetry CS) leads to a low-to-moderate

intercorrelation coefficient of ~40% (not shown).
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Figure 4. Correlation matrix for the synthetic test case (with m=5) considering different
assumptions (see Sect. 3.1) regarding the kernel associated with the categorical input variable
denoted u, namely: LR2, low rank kernel with rank = 2; E, expert-based kernel; EW, expert-
based kernel with unrealistic grouping, O, ordinal kernel; OW, ordinal kernel with unrealistic
order (see Sect. 2.3 for a formal description). For the expert-based assumptions (c and d), the
ordering of matrix coefficients follows expert-based clustering, i.e., (u1-u4), and (us). Note
that the compound symmetry kernel leads to a correlation matrix with a unique coefficient of

~40% (not shown).

The four criteria for kernel model selection are examined in Fig. 5. For the sake of
comparability between the different assumptions for m, we preferably plot the difference of
BIC with the minimum value over the whole experiment (named ABIC). Several observations

can be made:
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Explainability measured by BIC (Fig. 5a) appears efficient here to exclude the
unrealistic assumptions OW and EW: they present very large BIC differences
regardless of m. For instance, Burnham and Anderson (2002) suggested a difference of
the considered information criterion (relative to the minimum value) of at least 10 to
support the ranking between model candidates with confidence;

BIC appears to be very informative to discriminate the kernel assumptions and clearly
selects the ordinal assumption as the most appropriate;

The Q2 criterion is commonly used in the computer experiment community to rank
different models with respect to their predictive capability. In our case, basing the
analysis on this unique criterion is difficult: at low size of the training dataset (m=4),
models E, CS and O all minimize 1-Q? and show similar performance (see median
values in Fig. 5b): selecting one of them is thus hardly achievable. Furthermore, the
model associated with the unrealistic expert-based grouping EW has a satisfactory
predictive capability at low m values (although the width of the confidence interval is
larger than the others);

For larger m value - here m=6 - (i.e., with the largest size of the training dataset), the
(7 criterion allows us to identify model O as the most appropriate model with respect
to the predictive capability (logio(1-Q?) is the lowest in Fig. 5b);

The other facet of predictability related to the coverage of the prediction intervals
suggests discarding kernel assumptions Gen and LR2 (because CA is here far larger
than the level of the prediction interval) but hardly allows differentiating the other
assumptions regardless of m (Fig. 5¢);

The stability criterion (Fig. 5d) tends to suffer from the same sensitivity as Q2 to the
size of the training dataset but has a higher discriminative power: at low m values
(m=4), both kernel models CS and O are selected as very stable (because of low
logio(err) values in Fig. 5d). However, a high stability is also reached for EW. For a
large m value, the ordinal assumption is then clearly selected as the assumption

leading to the most stable correlation matrix.
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Figure 5. Selection criterion for the synthetic test case considering different numbers m of x-
points per u-level: (a) BIC difference with respect to the minimum value; (b) predictability
measured by 1-0? (logio scale); (c) coverage error measured by 1-CA. The horizontal dashed
line corresponds to 5%, i.e., the threshold consistent with the level of the 95% prediction
interval; (d) stability error err (logio scale), considering different kernel models, namely: CS,
compound symmetry kernel; E, expert-based kernel; EW, expert-based kernel with unrealistic
grouping, Gen, general kernel; LR2, low rank kernel with rank = 2; O, ordinal kernel; OW,
ordinal kernel with unrealistic order (see Sect. 2.3 for a formal description). The three latter
criteria are derived from the 5-fold cross validation repeated 25 times: the height of the bar
plot is the median value, and the lower and upper bounds are defined using the 25" and 75"

percentiles.

From this analysis, we can conclude that the ordinal assumption allows us to successfully
fulfill three of the criteria (explainability, predictability, and stability), especially at
sufficiently high m values (m=5). For coverage, the ordinal assumption is not ranked first, but

CA appears of a reasonable order of magnitude (median value of ~85%), i.e., with moderate
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deviation from the level of the 95% predictive interval. For the small size of the training
dataset (m=4), unambiguously rejecting selecting EW and CS becomes difficult if the
explainability criterion (BIC criterion) is not considered, which can partly be explained by the
analysis of the EW-based correlation matrix (Fig. 4d), which reveals a (quasi)homogeneous
structure with correlation coefficients ranging from 44 to 56%, i.e., of the same order of
magnitude as the CS assumption (of ~40%), hence indicating that both GP models should
perform similarly, suggesting that at a low number of training points, the CS assumption
remains the most reasonable assumption (when the goal is the joint maximization of

predictability, stability and explainability).

4.3 Application to the real case application 1

Considering the cyclone test case, Fig. 6 depicts the GP-derived correlation matrices for each
of the kernel assumptions described in Sect. 3.2. Fig. 6a reflects the hypothesis of a single
group without difference in effect on maximum significant wave height between the tracks.
The derived correlation appears to be high (~80%). The application of alternative kernel
assumptions shows some consistent structures among the cyclone tracks. Two groups of
cyclones appear to be highly correlated (coefficient >75%), namely, those coming from NE
and those coming from NW, as shown in Fig. 6b (general formulation) and Fig. 6 e,f (E2 and
E2cs). The high correlation among these groups is also indicated by the other assumptions:
(1) the low rank approximation, LR2 and LR3 (Fig. 6¢, d) - but these assumptions lead to a
richer interdependency structure; (2) to a lesser extent, the expert-based assumption E3cs
(Fig. 6 h). However, we note that there is ambiguity regarding the Dumile cyclone (see in
particular, Fig. 6g), which is highly correlated with either NE cyclones (E2, E2cs) or NW
cyclones (LR3, E3cs). The different assumptions all suggest a moderate correlation (on the
order of 40-60%) between groups of cyclones coming from NE and NW. These observations
are consistent with the ordinal assumption (Fig. 6h), which indicates a decreasing correlation
from Gael (the track with the lowest angle of approach) to the Banzi cyclone (the track with
the largest angle of approach) and a central role of Dumile, with a decreasing correlation

either with the NE cyclone or with the NW cyclone.
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Figure 6. Correlation matrix for the cyclonic test case considering different assumptions (see
Sect. 3.2) regarding the kernel associated with the categorical input variable, namely: CS,
compound symmetry kernel; LRj, low rank kernel with rank = j; Ej, expert-based kernel with
j groups; Ejcs, expert-based kernel with j groups and CS assumption; O, ordinal kernel (see

Sect. 2.3 for a formal description).

The four criteria of kernel model selection are examined in Fig. 7. Regarding explainability
and simplicity, the ordinal assumption O appears to be the most appropriate: the derived GP
model presents the minimum BIC value, and the differences with the alternative models are
large; here, they are larger than 20. Regarding predictability, the ordinal assumption also leads
to the best model regarding this criterion. However, the predictability of the expert-based
model candidates (E2, E2cs, E3, E3cs) remains of moderate-to-high degree (with a median
value of 02 of approximately 90%). Regarding CA, the use of E3cs allows us to reach the
level of the 95% prediction interval, but alternative assumptions (E2, E2cs, E3cs, CS and O)
lead to satisfactory coverage of the prediction intervals. Finally, Fig. 6d indicates the poor
stability of the Gen and LR3 kernels, i.e., the high sensitivity of the estimates of the

correlation coefficients, which may be related to the high number of coefficients to estimate
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(21 and 11, respectively), also showing the satisfactory stability of two alternative

assumptions, i.e., the expert-based ones and the ordinal one.
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Figure 7. Selection criterion for application case 1: (a) BIC; (b) predictability measured by 1-
0Q?; (c) coverage error measured by 1-CA. The horizontal dashed line corresponds to 5%, i.e.,
the threshold consistent with the level of the 95% prediction interval; (d) stability error err,
considering different kernel models, namely: CS, compound symmetry kernel; Ej, expert-
based kernel with j groups; Ejcs, expert-based kernel with j groups and CS assumption; Gen,
general kernel; LRj, low rank kernel with rank = j; O, ordinal kernel (see Sect. 2.3 for a
formal description). Criteria (b-d) are derived from a 5-fold cross validation repeated 25
times: the height of the bar plot is the median value, and the lower and upper bounds are

defined using the 25" and 75™ percentiles.
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On this basis, we can conclude that the ordinal assumption allows us to reach a satisfactory
trade-off between the four criteria, which appears to be consistent with the aforementioned
physical intuition; the “latent” continuous variable here is related to the angle of approach.
Figure 8a summarizes this dependence via the spline-based warping function F(.) used to set
up the ordinal covariance kernel model k2, (see Eq. 9): this shows a strong link between NE
cyclones Gael-Giovanna (and to a lesser extent, for Hollanda as well), and a quasilinear
increasing influence to Banzi. This warping is the basis for computing the correlation matrix
(Fig. 61). To ease the interpretation, let us focus on a single row of Fig. 6i, i.e., the pairwise
correlation between the Gael track and the others. Fig. 8b provides a clear indication of a
highly correlated group of cyclones coming from NE (within the red-colored envelope), with
a correlation coefficient exceeding 80% and a decreasing correlation with those coming from
NW. The analysis of the correlations derived from the cross-validation iterations (for each
repetition) - gray lines in Fig. 8b - confirms this result: more than 75% of the cross-validation-
derived results show high correlation (>75%) of Dumile with the NE cyclones, hence in

agreement with E2 assumption (Fig. 6e).

Compared to O, the analysis of E2 performance criteria shows that this assumption can also
be considered reasonable with very satisfactory stability of the correlation coefficients (Fig.
7d), although the criterion values appear to be higher. The stability criterion appears to be
lower than the one for O, which may be related to the lower number of correlation coefficients

to be estimated (of 2 for the E2 assumption and of 7 for the O assumption).
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Figure 8. (a) Spline-based (unnormalized) warping function F (see Eq. 8) used in the ordinal
assumption for the cyclone case. (b) Pairwise correlation between the Gael track and the other
tracks. The red envelope indicates cyclones coming from the northeast (denoted NE). The
gray-colored curves are the correlations derived at each iteration of the 5-fold cross-validation

procedure (repeated 25 times). The red dashed line indicates the median value.

4.4 Application to the real case application 2

Considering the CO2 geological storage test case, Fig. 9 depicts the GP-derived correlation
matrices for each of the kernel assumptions described in Set. 3.3. Some consistent structures
can be noticed regarding law 1, which appears to be anticorrelated with the others, as shown
in Fig. 9a (general assumption) and in Fig. 9 b,c (low rank approximation LR2 and LR6). The
specificity of law 1 is also outlined by the expert-based grouping in Fig. 9d, which indicates
here a moderate positive correlation of 35-40%, in agreement with the ordinal assumption
(Fig. 9f), which indicates that the pairwise correlation coefficients of law 1 with the others
(see last row of Fig. 9f) rapidly decrease. Although disagreeing on the correlation magnitude,
the LR2, Gen, and E models all suggest a moderate correlation among all laws except for law
1. The assumption LR6 also suggests the particular behavior of law 5, which goes in the same

direction as the expert-based clustering of considering it as belonging to a single group. The
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assumption Ecs (i.e., using a CS between-group covariance assumption) leads to a less
complex correlation structure and clearly highlights the grouping of laws 6-9 (as suggested by
the experts, see also the laws outlined in dark blue in Fig. 3), which is in agreement with the
group of highly correlated laws as outlined by Fig. 9f (though the size of the group is larger

and includes laws 2 and 4 as well).

To summarize, the inspection of the correlation matrices is more difficult here than for the
cyclonic application case (Sect. 3.2), where all assumptions more or less agree regarding the
information supplied by the modelers. Nevertheless, this inspection highlights the specificities
of law 1 and law 5 (LR6 assumption), which both strongly differ from the other laws: this is
suggested by the irreducible water saturation (yellow and medium blue curve in Fig. 3c,d):
law 1 is even more different with an irreducible water saturation associated with a large
maximum gas residual saturation, which seems to explain why the model behaves so

specifically when this law is accounted for.
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Figure 9. Correlation matrix for the reservoir test case considering different assumptions (see
Sect. 3.3) regarding the kernel associated with the categorical input variable, namely: Gen,
general kernel; LRj, low rank kernel with rank = j; E, expert-based kernel; Ecs, expert-based
kernel with compound symmetry assumption; O, ordinal kernel (see Sect. 2.3 for a formal
description). For the expert-based assumptions (d and e), the ordering of matrix coefficients
follows expert-based clustering, i.e., (law 2; law 10); (law 6-9), (law 1); (law 3); (law 4); (law
5). For ordinal assumption (f), the ordering of matrix coefficients follows the ordering of the

maximum residual saturation of CO».
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The four criteria for kernel model selection are examined in Fig. 10. For the considered case,
we show that the expert-based (Ecs, i.e., with the simplified correlation structure between the
groups) and the CS assumption both lead to GP models that satisfactorily fulfill the four
criteria, with a slightly higher performance for the simpler structure of CS, where the expert-
based grouping of laws, in particular laws 6-9 (in dark blue in Fig. 8), is informative (in the
sense that it leads to a competitive GP model) but only makes a slight difference with the
simpler structure, especially regarding explainability (with BIC difference ~10) and stability
(due to the lowest number of CS correlation coefficients, namely, 1). Note that due to the high

number of covariance parameters (relative to the 100 runs), Gen and LR6 score poorly here.

From this analysis, we can conclude that, given the 100 simulation results, there is only mild
evidence supporting the assumption of the structure associated with the permeability laws that
was intuited from the analysis of the boxplots in Fig. 3a and of the curve similarities (Fig. 3b-
d). Similar to the synthetic case, additional simulation results should be performed to

unambiguously discriminate the most appropriate kernel assumption.
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Figure 10. Selection criterion for application case 2: (a) BIC; (b) predictability measured by
1-0? (c) coverage error measured by 1-CA. The horizontal dashed line corresponds to 5%,
i.e., the threshold consistent with the level of the 95% prediction interval; (d) stability error
err, considering different kernel models, namely: CS, compound symmetry kernel; E, expert-
based kernel; Ecs, expert-based kernel with CS assumption; Gen, general kernel; LR}, low
rank kernel with rank = j; O, ordinal kernel (see Sect. 2.3 for a formal description). Criteria
(b-d) are derived from a 5-fold cross validation repeated 25 times: the height of the bar plot is
the median value, and the lower and upper bounds are defined using the 25" and 75"

percentiles.

5 Comparison to tree-based methods

In practice, GP models are not the first statistical modeling option that comes to mind when

addressing the problem of categorical variables. A popular approach relies on tree-based
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methods such as regression decision trees, denoted DT (Breiman, 1984), and random forest
regression, denoted RF (Breiman, 2001), which both natively handle categorical predictors
without having to first transform them (e.g., by using feature engineering techniques) because
they are based on binary recursive partitioning. Examples of real case applications are

provided by Jaxa-Rozen and Kwakkel (2018) and Rohmer et al. (2018).

From a practical viewpoint, the advantage of DT is to provide the structure of interlevel
dependence (as well as the interactions with the other input variables) with a graphical
presentation of the results in the form of a tree, which greatly eases the interpretation. For
instance, in the cyclone real case application, Fig. 11a gives the tree structure derived from

the analysis of the cyclone real case.
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Figure 11. (a) Tree structures derived from the analysis of the cyclone real case; (b-d) Tree
structures considering three iterations of the 5-fold cross validation procedure. The decision

rule is provided on each respective branch. The leaf (bottom node) is colored according to the
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mean of the variable of interest (scaled value of Hs); the number in percentage provides the
number of samples falling in each leaf. The track name associated with the “Track’ node
corresponds to the first two letters of the cyclone names provided in Fig. 2. The green

rectangle outlines a particular grouping of tracks.

However, from the analysis of Fig. 11, we note several differences between the structure
constructed using the DT trained using the whole dataset (Fig. 11a) and the ones at each
iteration of the cross-validation procedure (i.e., using three DT model setups with a
“perturbed” training database, Fig. 11b-d); in particular, for the leftmost part related to the
track variable (outlined by a green rectangle), the grouping of tracks is similar for Fig. 11a
and Fig. 11c but differs for Fig. 11b and is even absent for Fig. 11d. This high sensitivity of
the derived structure (to the changes in the training dataset) has already been identified in the
literature (Breiman, 2001): in addition to bringing some confusion regarding the dependencies
between levels, the drawback is also a poorer predictability: this is shown by the low Q?

values for each test case in Table 2.

Table 2. Predictability measured by the Q? indicator for different statistical models. For the
synthetic case with different numbers m of x-points per u-level, Q? is derived from the leave-
one-out cross-validation procedure. For application cases 1 and 2, Q? is derived from the 5-
fold cross-validation procedure (repeated 25 times): the median values are given together, and

the 25™ and 75™ are indicated in brackets.

Model Regression Regression Random | Gaussian Process

Decision Tree Forest

Synthetic case | -0.12 [-0.17, -0.08] | 0.61 [0.58, 0.65] 0.96 [0.94, 0.97]
(m=4)

Synthetic case | 0.07 [-0.01, 0.19] 0.72 [0.68, 0.74] 0.98 [0.97, 0.98]
(m=5)

Synthetic case | 0.26 [0.18, 0.31] 0.77 [0.76, 0.80] 0.98 [0.97, 0.99]
(m=6)

Application case 1 | 0.51 [0.47, 0.55] 0.60 [0.58, 0.62] 0.92[0.91, 0.93]
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Application case 2 | 0.23 [0.15, 0.28] 0.44 [0.42, 0.46] 0.93[0.92, 0.94]

However, RF achieves a higher predictive capability by adding a random character to the DT
construction process at two levels: (1) each tree is constructed using a different bootstrap
sample; (2) each node is split using the best among a subset of mitry input parameters
randomly chosen at that node, as confirmed by Table 2. However, high predictability comes
at the expense of losing some interpretability, i.e., the ability to represent the structure via the
easily understandable tree representation (RF being an ensemble of randomized DT models),
although some developments are available to extract some meaningful rules from RF (see,

e.g., Fokkema, 2020).

This comparison exercise could be improved regarding different aspects; in particular, we
have used commonly used parametrizations of the tested tree-based methods. First, tuning RF
hyperparameters, namely, mtry and the minimum node size (which are, respectively set up to
the root square of the total number of input variables and to 5), is expected to improve the
results (Probst et al., 2019). Second, we used the default splitting rule based on squared
residuals minimization by Breiman (2001): this splitting rule is known to favor the selection
of variables with many possible splits (continuous variables or categorical variables with
many levels) over variables with few splits, as shown by Strobl et al. (2007) for the estimates
of variable importance measures. Improvements can either rely on some processing of the
categorical inputs (see an extended discussion by Wright and Konig, 2019) or on alternative
splitting rules, e.g., based on the randomized algorithm named “Extra-Trees” by Geurts et al.
(2006) as tested by Jaxa-Rozen and Kwakkel (2018). Finally, it should be emphasized that
one reason for the higher performance of GP models is that they have the ability to exploit the
smoothness with respect to the continuous inputs. Further work may include recent

developments on RF for smooth nonlinear relations (Friedberg et al., 2020).

6 Concluding remarks, Recommendations and Further work

Model uncertainties (related to the structure/form of the model or to the unambiguous choice
of “appropriate” physical laws) are generally analyzed in computer-based studies by defining
a categorical variable, i.e., a multilevel indicator. To obtain deeper insights into how the

simulator output values computed for two levels of the categorical variable correlate, the
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interlevel dependence structure is learned from a series of computer experiments (100-200) by

means of a GP-based correlation matrix.

Table 3 summarizes the key aspects of the GP approach for three test cases together with a
comparison to tree-based methods, showing that the GP-based approach can be seen as a
satisfactory compromise because: (1) it clearly achieves higher predictability with a Q% value
>00% given a moderate size of the training dataset (typically 100-200), whatever the
considered case (Table 2), while reaching high performance with respect to different criteria
(explainability, simplicity, stability); and (2) the correlation matrices provide a concise and
graphical way of interlevel dependence structure (using the interpretation provided in Sect.
2.2). This matrix (estimated for three cases in Figs. 4,6,9) is useful to design complementary
simulation-based studies by focusing on some levels that present some distinct behaviors
(such as level us for the synthetic case or the end members of the cyclone tracks) or by
confirming that all levels should be considered (such as in the reservoir case). The GP-
revealed interlevel dependence structure should also provide key elements to support the
scenario discovery process, in particular to nuance the uniformity and independence
assumptions of the scenarios (Quinn et al., 2020). Bringing the combined GP scenario

discovery to an operational level necessitates further investigations.

Table 3. Synthesis and practical recommendations on the interlevel dependence structure

detected by three regression methods

Criterion Predictive capability Interlevel dependence structure

Gaussian Higher predictability given a | Graphical presentation through a
Process moderate size of the training | correlation matrix (see examples
Regression dataset (typically 100-200), with | in Figures 4,6,9) with practical
(GP) 0? value >90% for considered | interpretation described in Sect.

test cases.

2.2 (by mixing the kernels by

tensor product).

A careful selection of the kernel
model is necessary. This
selection can be based on the

multicriterion approach of Sect.
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2.4.

Regression Lower predictability for all test | The  tree-like  presentation

Decision cases. provides the dependence

Tree (DT) structure as well as interaction
with the other inputs.

High sensitivity to the training
dataset (see, e.g., Fig. 11).

Regression Higher predictability than DT | Extraction of a representative
Random but remains lower than GP by a | tree is possible through the
Forest (RF) factor  ~1.3-2.1 for  the | application of adequate

considered test cases. extraction rules techniques.

The cornerstone of the GP approach is, however, the careful selection of the kernel model that
can take different forms (exchangeable, ordinal, group, etc.) depending on the physically
based assumptions for the categorical variable. Table 1 provides the different options that the
environmental modeler can implement. A multicriterion selection approach is proposed to
question the different kernel options within a transparent procedure. This flexibility is well
shown in the cyclone application case (Sect. 3.2), where the proposed procedure allows us to
confront an a priori physically based assumption (i.e., the cyclone track effect can be
summarized by a scalar ordinal variable) to alternative views on the dependence structure and
to support the evidence of the a priori assumption. In the absence of a physical-based
assumption, an optimization search procedure can be envisioned, for instance, by searching
for all subsets of groups or for the rank dimension value of the LR kernel that minimizes all

four proposed criteria (within a multifold cross validation approach).

One limitation of the proposed GP-based approach is that it does not ensure that a unique
kernel model is selected: multiple assumptions may eventually turn out to be valid (with
respect to the four selection criteria), or a trade-off may be difficult to find. In the reservoir
case, the application (Sect. 3.3) only moderately supports the evidence of some dependence
structure; the compound symmetric and expert-based kernel models perform similarly with
respect to the four selection criteria. Although this result is informative per se, in particular, in

situations where the practitioner is preferably interested in explaining the numerical results,
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additional investigations are necessary to confirm this conclusion, which is shown in the
synthetic case (Sect. 3.1), where the ordinal assumption was also successfully identified

provided that a minimum number of training samples are available.

On the one hand, if additional model runs are computationally affordable, a possible option is
to rely on an adaptive sampling strategy. However, this question deserves further
investigation in the presence of a mixture of continuous and categorical variables and could
be based on recent advances in the context of optimization by Pelamatti et al. (2019) and
Munoz Zuniga and Sinoquet (2020). On the other hand, if additional model runs are not
possible, an option is to aggregate the information provided by the “plausible” GP models
(i.e., the ones that satisfactorily fulfill the criteria) while accounting for some weight
reflecting their “plausibility” (with respect to the selection criteria). This option can take
advantage of adequate averaging techniques developed, for instance, within the Bayesian
framework as proposed by Zhang and Taflanidis (2019) for uncertainty quantification and by

Ginsbourger et al. (2008) for optimization problems.
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Software and data availability

Software name: kergp

Developers: Yves Deville, David Ginsbourger, Olivier Roustant.
Contributors: Nicolas Durrande

Maintainer: Olivier Roustant roustant@insa-toulouse.fr

System requirements: Windows, Linux, Mac

Program language: R

Availability: https://cran.r-project.org/web/packages/kergp/index.html
License: GPL-3.0

Documentation: https://cran.r-project.org/web/packages/kergp/kergp.pdf

Reproducible code: a Jupyter Notebook is available on Zenodo at (Rohmer, 2022). It
showcases the implementation of Gaussian process models using mixed
continuous/categorical inputs variables with an application on the real case in the domain of
marine flooding (application case 1 described in Sect. 3.2, and results discussed in Sect. 4.3).
The design of numerical experiments and the simulation results for application case 1 are
provided; to re-use these numerical simulation results, please contact Jeremy Rohmer, BRGM
(j.rohmer@brgm.fr). The notebook provides the R scripts to perform the fitting and the

performance assessment, which can easily be adapted to any other application case.
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Appendix A. Design of experiments for the real cases
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Figure Al. Design of the experiment for the real cyclone case described in Sect. 3.2. Track
indicates the categorical variable related to the selection of the cyclone track (depicted in Fig.
2). The continuous variables (normalized between 0 and 1) are the landfall position x,, the
forward speed Vr, the radius of maximum winds Radius, the shift of the maximum wind speed
Vm and the shift around the central pressure Pc. The first row provides the boxplots of the
continuous variable given each level of Track. The last column provides the scatter plot of the
variable of interest, i.e., the maximum significant wave height max (Hs) versus the continuous

variables.
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Figure A2. Design of the experiment for the reservoir real case described in Sect. 3.3. The
categorical variables are the regional hydraulic gradient grad, the capillary effect capi, the
permeability anisotropy and the physical laws for the relative permeability k. The last column
provides the boxplot of the variable of interest, i.e., the logl10 of the quantity of mobile CO»
(denoted M_CO») given each level of the categorical variables and the scatter plot for the

continuous variables (normalized between 0 and 1).

44





