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Abstract 9 

The behaviour of a transient groundwater mound in response to infiltration from surface 10 

basins has been studied for at least the past 80 years. Although analytical solutions are known 11 

for a large variety of situations, some common settings still lack a solution. 12 

We remind and show that integrating the line-sink solution developed for pumping an 13 

unconfined aquifer by Hantush (1964a; 1965), considering the surface of the recharging area, 14 

is identical to his well-known solution for groundwater mounding below a rectangular basin 15 

(Hantush, 1967). This implies from a general standpoint that the principle of superposition 16 

can be used for directly implementing pumping wells, as well as aquifer boundaries, to a 17 

unique solution. Moreover, we show that other line-sink solutions, provided that partial 18 

differential equations behaviour is linear, can be used with a spatial superposition method for 19 

addressing a variety of hydrogeological settings. 20 

Based on this trivial principle and on existing line-sink solutions, we propose several 21 

analytical solutions able to consider a rectangular recharging area and a pumping well in an 22 

unconfined aquifer: (i) near a stream, (ii) between a stream and a no-flow boundary, with and 23 

without the influence of natural recharge, (iii) near a stream that partially penetrates the 24 

aquifer and (iv) for a multi-layer aquifer. For cases including streams, transient solutions of 25 

the impact on streamflow rate are also established. 26 

The proposed analytical solutions will be useful applications for Managed Aquifer Recharge, 27 

in particular the design of structures for artificially recharging an aquifer, possibly pumped by 28 

one or several wells. 29 
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1. Introduction 32 

Managed Aquifer Recharge (MAR) with surface water or treated wastewater, through 33 

trenches, basins, wells, dammed streams, canals, etc., is commonly used for limiting water-34 

table decline, storing surface or storm water, controlling seawater intrusion, reducing land 35 

subsidence, or improving the quality of the injected water through geopurification (e.g., 36 

Bouwer, 2002; Aish, 2010; Ganot et al., 2017). MAR based on systems such as basins, dams, 37 

and specific irrigation practices (Yihdego, 2017), is used for enhancing groundwater resources 38 

in regions facing water scarcity because of limited precipitation and/or where aquifers are 39 

over-exploited (e.g., Dillon, 2005; Dillon et al., 2009; Bhuiyan, 2015; Massuel et al., 2014; 40 

Boisson et al., 2014, Lee et al., 2015; Stafford et al., 2015; Kacimov et al., 2016, Nicolas et 41 

al., 2019). 42 

Before constructing MAR systems, their future efficiency must be evaluated, which requires 43 

fieldwork and drilling, monitoring of ground and surface water, and knowledge of aquifer 44 

properties (Dillon, 2005). Before starting detailed investigations and their subsequent 45 

modelling, analytical models can be used for a preliminary assessment of MAR opportunities. 46 

Such an assessment would be useful for different purposes, such as siting and pre-designing 47 

the recharging structures, assessing the groundwater mounding, evaluating the amount of 48 

water that can be stored and, finally, assess the impact of the MAR on nearby streams. 49 

Since the early 1950s, several analytical solutions were developed for defining the growth and 50 

decay of groundwater mounds. These solutions consider infiltration from rectangular or 51 

circular basins with constant or transient recharging rates (Baumann, 1952; Glover, 1960; 52 

Hantush, 1967; Hunt, 1971; Marino, 1975; Latinopoulos, 1981; Warner et al., 1989; Rao and 53 

Sarma, 1981, Rai and Singh, 1996; Rai et al., 1998, 2001). For most of these solutions, flow 54 

from the recharge basin is assumed to be horizontal (Dupuit-Forchheimer assumption), 55 

occurring through an infinite, uniform and isotropic aquifer. Several authors evaluated these 56 

solutions against numerical modelling (e.g., Warner et al. 1989; Carleton, 2010) and showed 57 

that the seminal solution given by Hantush (1967) -one of the most widely used and cited 58 

(Finnemore, 1995; Zomorodi, 2005)- is very accurate. This solution assumes an infinite, 59 

unconfined, isotropic and horizontal aquifer (with Dupuit-Forchheimer assumption), and was 60 

obtained from an approximation of the Boussinesq partial differential equation (linearized 61 

form see Appendix A-1) by means of Laplace transform (Hantush, 1964a, b, 1967). 62 

Additional solutions were developed for considering other boundary conditions; these 63 

included a recharging area in aquifers with no-flow and constant-head boundaries (Marino, 64 
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1974; Rao and Sarma, 1981, 1984; Latinopoulos, 1984; Molden et al., 1984; Manglik et al., 65 

1997), or pumping wells near the MAR structure (Manglik et al., 2004). A recent solution also 66 

considered sloping aquifers (Zlotnik et al., 2017). Carleton (2010) conducted numerical 67 

experiments for evaluating the effect of vertical anisotropy in hydraulic conductivity on the 68 

shape of mounding; his results showed that the greater the horizontal hydraulic conductivity 69 

(i.e. Kh/Kv>1), the more the height of mounding by classical analytical solutions (e.g. 70 

Hantush, 1967) will be underestimated. 71 

Existing works present analytical solutions for tackling complex hydrogeological settings, but 72 

some common settings still lack a solution. Such settings include, for example, assessment of 73 

the impact of MAR on a stream where an infiltration basin and pumping wells are located 74 

between the stream and a no-flow boundary, with or without natural recharge. Others are 75 

where infiltration basins and pumping wells are located close to a clogged stream, or the case 76 

of a multi-layer aquifer system. 77 

We first remind and demonstrate that the Hantush (1967) solution can be found by integrating 78 

the line sink solution developed for pumping-test interpretation in an unconfined aquifer 79 

(Hantush, 1964a, 1965) over the surface of the recharging area. Then, based on existing line 80 

sink solutions and the application of the principle of superposition because of the linear 81 

property of partial differential equations, we present and discuss solutions where the aquifer is 82 

space-limited (Dirichlet’s and/or no-flow boundary conditions), where a stream partially 83 

penetrates the aquifer, and for a multi-layer aquifer system. Theoretical cases (Fig. 1) are 84 

presented for a recharging area and a pumping well in four unconfined aquifer settings: i) an 85 

aquifer near a river (Fig. 1a); ii) an aquifer with a river and a no-flow boundary (strip aquifer), 86 

with and without the influence of natural recharge (Fig. 1b); iii) an aquifer near a stream with 87 

a clogged streambed that partially penetrates the aquifer (Fig. 1c); and iv) a recharging top-88 

layer aquifer and pumping at the bottom of a semi-confined aquifer (Fig. 1d). In addition, we 89 

provide approximate but useful transient solutions for evaluating the impact of MAR (in terms 90 

of flow rate) on the stream, for the presented cases. 91 

 92 

Our study seeks alternative transient analytical solutions based on the spatial superposition 93 

method for computing groundwater mounding (or depletion), or its impact on a stream while 94 

recharging and pumping unconfined aquifers. These solutions are useful and could be 95 

implemented in operational tools for engineers designing recharge structures, and/or 96 



Hydrogeology Journal https://doi.org/10.1007/s10040-020-02294-9 - Feb.2021 

5 
 

improving the management of existing MAR structures. We do not suggest that the proposed 97 

solutions should replace existing analytical or numerical models used for modelling 98 

groundwater mounding. Rather, they are meant to supplement existing models for improving 99 

the design of such engineered systems. 100 

 101 

2. Mathematical statements 102 

Assuming an unconfined, infinite and horizontal aquifer, characterized by constant and 103 

uniform hydraulic conductivity and storativity (storage coefficient), and that groundwater 104 

flow is horizontal (Dupuit-Forchheimer assumption), Hantush (1964a, b, 1965) obtained an 105 

analytical solution of the hydraulic head for a well pumping in such an aquifer, from a 106 

linearized form of the Boussinesq equation (Appendix A-2) and by using Laplace transform. 107 

In this solution, the well is vertical, fully penetrates the aquifer and is pumped with a constant 108 

pumping rate QPump (here QPump <0). Because of the Hantush’s linearization (see Hantush, 109 

1964a, b; 1965), the solution is applicable only when the declining levels with respect to the 110 

initial water-table depth do not exceed one-half of the initial aquifer thickness (ie: h0-111 

h<0.5h0). The transient evolution of hydraulic head at a location xobs, yobs can be deduced 112 

from: 113 

                         
  

     

   
  

  

   
          (1) 114 

with h0 the initial hydraulic head, h (or h(xobs,yobs,t)) the hydraulic head at t,   
   

 
, the 115 

diffusivity,               , the distance to the pumping well, K the hydraulic 116 

conductivity of the aquifer and S the aquifer storativity. W(u) is the well-function (or 117 

exponential integral, E1(u)),    is a constant of linearization that can be approximated by the 118 

average aquifer thickness at the point of interest (   
 

 
       ) and t the period at the end 119 

of which h is to be evaluated (Hantush, 1965; Warner et al.1989). Usually,    is estimated after 120 

several successive iterations (Hantush, 1967; Marino, 1967). Note that Eq. 1 is identical to the 121 

Theis solution (Theis, 1935) for a fully penetrating well in a confined isotropic aquifer, where 122 

drawdown is small in comparison to the aquifer thickness (h0-h<<h0), with S here being the 123 

aquifer storage coefficient and    the aquifer thickness (in this case   =constant).

 

124 

Because of the linear behaviour of the Hantush partial differential equation and assuming that 125 

the percolating water directly enters the aquifer (absence of vadose zone), Eq.  1 can be 126 
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integrated into a rectangular surface to give a solution of groundwater mounding for a 127 

rectangular basin (Fig.2). Therefore, with a total recharging rate QRech (QRech>0) the 128 

integration of Eq. 1 leads to the following expression: 129 

                        
  

 

   
  

     
     

  
        

          
 

   
 

   

   

   

   

       

             (2) 130 

Where 2xL and 2yL characterize the rectangular recharging area lengths along the x-axis and 131 

the y-axis respectively. x=y=0 at the centre of the rectangle. 132 

Assuming that the recharging rate, R, is uniformly distributed on the rectangular recharging 133 

area (2xL×2yL), QRech can be expressed as a function of R (   
     

     
), and it is shown that 134 

Eq. 2 is identical to the analytical solution of groundwater mounding for a rectangular basin 135 

with a uniform percolation rate (Fig.2), proposed by Hantush (1967); Eq. 3. Appendix B 136 

presents the demonstration. Note that the demonstration exposed in appendix presents 137 

similarities to that presented in Polubarinova-Kochina book (1977) and the one used for 138 

modelling drawdown of a pumping test in a well that intersects fractures (Dewandel et al., 139 

2018). 140 

                        
 

   
   

  
      

       

    
      

       

    
          

       

    
      

       

    
    

 

 

 

             (3) 141 

Assumptions and mathematical hypothesis of Eq. 3 are the same as the ones exposed before 142 

(see also Hantush 1967): unconfined, infinite and horizontal aquifer; Dupuit-Forchheimer 143 

assumption, the solution is a valid for h-h0<0.5h0 and the infiltrating water directly enters the 144 

aquifer. Aquifer parameters are defined before. 145 

Though ‘mathematically trivial’, these solutions can be easily used or combined for a large 146 

variety of hydrogeological settings based on mainly four interesting points. First, as already 147 

suggested by Hantush (1967), the principle of superposition (image-well theory) can be used 148 

with Eq. 3 for defining aquifer boundaries. For example, Molden et al. (1984) used this 149 

principle for modelling groundwater mounding from a rectangular basin near a stream, using 150 

Glover’s (1960) analytical solution. However, their solution assumes that the mound’s height 151 
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is negligible compared to the initial saturated thickness (ie, h-h0 ≈ h0), which is not the case 152 

here. Second, it is possible to combine Z pumping terms (ZPump in Eq. 1) and recharging areas 153 

(ZRech in Eq. 3)—and, by extension, aquifer boundaries—in a unique analytical solution for 154 

computing hydraulic head where recharging area and pumping wells are located in a space-155 

limited aquifer, such as between a river (using Dirichlet’s condition) and a no-flow boundary. 156 

Third, Equation 1 can be integrated over any surface geometry (not necessarily a rectangle or 157 

a circle) and aquifer boundaries (if any) need not to be parallel or perpendicular to the basin 158 

geometry. Fourth and last, other line-sink solutions can be applied to consider other aquifer 159 

settings, provided that corresponding governing partial differential equation is linear and the 160 

use of the spatial superposition method. A similar theoretical approach was used by Zlotnik et 161 

al. (2017), who estimated the groundwater mounding of a rectangular basin in a sloping 162 

aquifer from the appropriate well solution (Hantush, 1964a, b). However, as Molden et al. 163 

(1984), their solution assumes that the mound’s height is negligible compared to the initial 164 

saturated thickness and no solution including aquifer limits or stream was proposed. 165 

Applying this principle of superposition, we propose alternative settings including a stream 166 

that partially penetrates the aquifer  and a multi-layer aquifer system. In the following, Z 167 

terms and other integrals were evaluated using the Gauss-Legendre quadrature. 168 

 169 

3. Theoretical examples with a stream fully penetrating the aquifer 170 

3.1 Solutions for a rectangular recharging area and a pumping well near a stream 171 

3.1.1. Hydraulic-head solution 172 

As noted above and because of the linear behaviour of the partial differential equation, an 173 

analytical solution can be obtained using the principle of superposition (image-well theory, 174 

Ferris et al., 1962; Kruseman and de Ridder, 1994; Dewandel et al., 2014) for a rectangular 175 

recharging area and a pumping well near a stream; Figs. 1a and 3a). The aquifer is unconfined 176 

and horizontal, and characterized by its hydraulic conductivity (K) and its storativity (S), and 177 

the stream fully penetrates the aquifer (constant-head boundary or Dirichlet’s condition). For 178 

simplicity, the solution being provided in Z terms, the hydraulic-head solution can be deduced 179 

from the following expression: 180 

Real ‘recharge’ Imaginary ‘recharge’ 181 
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Real ‘well’    Imaginary ‘well’ 182 

             (4) 183 

where ZPump refers to Eq. 1 and ZRech to Eq. 3. x=y=0 at the centre of the rectangular 184 

recharging area; xw and yw are the coordinates of the pumping well, and d is the distance 185 

between the centre of the recharging area and the stream (Fig. 3a). Because of the 186 

linearization of partial differential equation, the solution is a valid for |h-h0|<0.5h0. 187 

Figure 4a gives an example of hydraulic head computations with Eq. 4 after 60 days of 188 

recharge, without and with a pumping well after 60 days of pumping. The recharging area is a 189 

square of 40 m sides, with a constant infiltration rate of 2.96x10
-6

 m/s (or a total infiltration 190 

rate of 17 m
3
/h). The well is offset 140 m from the centre of the recharging area, between it 191 

and the stream. The pumping rate equals the infiltration rate (i.e. 17 m
3
/h). The aquifer is 192 

characterized by K=10
-4

 m/s, S=0.05. The stream is 200 metres from the centre of the 193 

recharging area. 194 

3.1.2. Impact of recharging area and pumping well on streamflow rate 195 

There are at least two ways to evaluate the impact in terms of streamflow rate (q). First, it 196 

can be deduced from integration of the hydraulic-head gradient along the stream: 197 

        
         

  
  

  

  
                       (5) 198 

where h(d,y,t) refers to Eq. 4. 199 

Second, and because of the linearity of partial differential equation, it can stem from two 200 

separate computations, one for the pumping well and another for the recharging area. For the 201 

pumping well (with coordinates xw and yw), the impact on the stream is given by Glover and 202 

Balmer (1954): 203 

                  
       

 

       
          (6a) 204 

where QPump is the pumping rate (QPump<0) and Erfc the complementary error function. Note 205 

that, at the edge of the stream,    is replaced by h0, since drawdown is nil at x=d 206 

(h(d,±∞,t)=h0). 207 
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For the recharge area, since the hydraulic-head solution for a rectangular recharging area is 208 

identical to the integration of the well solution for an unconfined aquifer over the same area, 209 

the superposition principle is still valid for evaluating the impact on the stream with Eq. 6a. 210 

Therefore: 211 

 212 

         
     
     

      
       

     
 

   

   

   

   

       
     
   

      
       

     
 

   

   

   

             (6b) 213 

An approximation of this solution can be obtained, if the x-length of the rectangular 214 

recharging area is small compared to the distance between recharging area and stream (d-215 

xL>>2xL, in practice a ratio of five is enough). Therefore, Eq. 6b becomes the solution 216 

provided by Glover and Balmer (1954): 217 

                  
   

     
  

             (6c) 218 

with              (QRech>0); R the uniform infiltration rate. 219 

The approximate form of Eq. 5 can now be written as:  220 

                            
   

     
             

       
 

     
  

             (7) 221 

which is easier to manipulate and of interesting practical use, as it allows adding as many 222 

terms as there are recharging areas and pumping wells. 223 

Figure 4b shows computations of the impact on the stream for the settings described on 224 

figures 1a and 3a. Aquifer parameters are the same as in Figure 4a. As expected, the 225 

integration of a hydraulic-head gradient along the stream (Eq. 5) and the approximate solution 226 

(Eq. 7) give similar results. These results show that over short times (<10 days) the 227 

streamflow rate is reduced because of the short distance between well and stream. Over longer 228 

times (>20 days), the contribution of the recharging area becomes noticeable and the 229 

depletion flow-rate reduces, the impact on the stream reducing over time. By contrast, when 230 
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the pumping well is located on the other side of the recharging area (xw=-140 m), the 231 

behaviour is reversed. After a short time, most water comes from the recharging area and 232 

streamflow increases. Then, the flow rate decreases because of the impact of the pumping 233 

well on the stream. However, in both cases, the equilibrium—nil influence on the stream as 234 

QPump=Qrech (i.e.                    
        )—will be reached only after a very long time. When 235 

considering one recharging area and one pumping well, a nil impact right from the start of 236 

recharging and pumping occurs where these systems are equidistant from the stream (cf. 237 

Eq. 7). 238 

3.2 Solutions for a rectangular recharging area and a pumping well between a stream and a 239 

no-flow boundary 240 

3.2.1. Hydraulic-head solution 241 

A solution for the hydraulic head for a rectangular recharging area and a pumping well 242 

between two parallel boundaries can also be found using the superposition principle, still 243 

because of the linearity of partial differential equation (e.g. Dewandel et al., 2014). Therefore, 244 

a generic solution for both terms (i.e. recharging area and pumping well) can be used for 245 

computing the hydraulic head in this setting:  246 

                      

 

         

                              

 

       

                  

          

 

       

                              

 

       

                        

             (8a) 247 

where b and c are coefficients associated with each boundary, b or c=1 for a no-flow 248 

boundary, and b or c=-1 for a constant-head boundary (stream, i.e Dirichlet’s condition); d is 249 

the distance between the centre of the recharging area and the stream, and 2L is the distance 250 

between both limits (Fig. 3b), x=y=0 at the centre of the recharging area. For the pumping 251 

well, xobs has to be replaced by xobs-xw, yobs by yobs-yw, and d by d-xw; xw and yw are coordinates 252 

of the pumping well. For the case of a rectangular recharging area, and a pumping well 253 

between a stream and a no-flow boundary, b=-1 and c=1. Note that this solution can be used 254 

for two parallel no-flow boundaries (b=c=1) or two streams (b=c=-1). To solve Eq.8a (but 255 

also the following Eqs.9), we used an algorithm based on an iterative process, where the 256 

number of images is defined when the absolute value given by the n
th

 computation becomes 257 

negligible. In the presented case (Fig.4c), computations were stopped when the value is lower 258 
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than 4.10
-7

, which corresponds to 15 image wells. This criterion insures a high accuracy of 259 

computation. 260 

As for the previous case, the aquifer is unconfined and horizontal, and characterized by its 261 

hydraulic conductivity (K), its storativity (S), and the solution is a valid for |h-h0|<0.5h0. 262 

The hydraulic-head solution can now be found from: 263 

 264 

     
                           

              (8b) 265 

where Z2Limit_Rech, refers to the component of the recharging rectangular area and Z2Limit_Pump to 266 

the pumping well. Both expanded expressions are given in Appendix C. 267 

Figure 4c gives examples of hydraulic-head computations with Equation 8b. Aquifer 268 

parameters, distance to stream, infiltration rate, pumping location and flow rate are identical 269 

to the previous case (Fig. 4a). The no-flow boundary is located at 400 m from the centre of 270 

the recharging area, creating a 700 m-wide strip aquifer. Hydraulic-head computations were 271 

done with and without pumping from the well after 60 days of recharging and pumping. 272 

Compared to the example without a no-flow boundary (Fig. 4a), the hydraulic head is slightly 273 

higher everywhere for the case without pumping. With an active pumping well, the head is 274 

slightly higher west of the recharging area, and slightly lower because of pumping to the east. 275 

3.2.2. Impact of recharging area and pumping well on streamflow rate 276 

As above, the impact on streamflow can be evaluated either from Eq. 5, or separately. For the 277 

pumping well, the impact on stream flow is given by Lelièvre (1969): 278 

                   
       

 

     
 

             
          

        
       

          

        
  

 

         

  

             (9a) 279 

For the recharging area and using the same development as in the previous case, an 280 

approximate solution can be found, if (d-xL)>>2xL. It takes a similar form: 281 
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             (9 b) 282 

Under this condition, the impact on streamflow results from the sum of the two components in 283 

a form like Eq. 7 (                ). This form is also easier to manipulate and allows 284 

adding as many terms as there are recharging areas and pumping wells. 285 

Figure 4d shows computations of the impact on stream flow for the setting described on 286 

Figure 4c. The aquifer parameters are the same as in Figure 4a. As before, the integration of a 287 

hydraulic-head gradient along the stream (Eq. 5) and the approximate solution 288 

(Eq. 9a+Eq. 9b) are in good agreement. The impact on streamflow, for a pumping well 289 

located east of the recharging area, or one to the west between the recharge area and the no-290 

flow boundary, is similar to that on Figure 4b: river depletion linked to the pumping well and 291 

flow towards the river linked to the recharging area, respectively. However, compared to the 292 

semi-finite aquifer, the relaxation time is shorter and a quasi-steady-state is reached earlier 293 

because of the limited extent of the aquifer. 294 

3.2.3. Steady-state solution of hydraulic head for an infinite strip aquifer along the y-axis, 295 

limited by a river and a no-flow boundary: the case of natural recharging 296 

In this case, b=-1 and c=1, 2xL=2L, d=L, yL∞ and t∞ (steady-state) in the solution for the 297 

recharging area (Eq. C-2). Figure 5a shows the computation of hydraulic heads for natural 298 

recharge only. Aquifer parameters, distance to stream and distance to no-flow boundary are 299 

identical to those on Figure 4c. We consider a uniform distribution of natural recharge (R) at a 300 

rate of 1.27x10
-8

 m/s (i.e. 400 mm/year). The solution is the same as that of Bruggeman 301 

(1999; sol. 21.11, p. 24; and Eq. 10, below), which corresponds to the hydraulic-head profile 302 

for a steady-state condition caused by recharge from precipitation (R) through an infinite strip 303 

of width 2L, bounded on one side by a stream and on the other by a no-flow boundary. The 304 

error to Bruggeman’s solution is very low (standardized root mean square error: 1.3x10
-5

). 305 

Other tests are presented in Appendix C. Even for the extreme case of a very thin aquifer 306 

(h0=1.5 m; Appendix C), we found very consistent results, with little differences probably 307 

linked to numerical error (standardized Root Mean Square Error <2x10
-5

). Furthermore, the 308 

small errors prove that the numerical evaluation of the integrals is accurate. 309 

Consequently, for a long time span (i.e. steady-state; t∞), the solution tends to: 310 
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           (10) 311 

with x=0 at the centre of the strip. 312 

To include a mean annual aquifer recharge with artificial recharging areas and pumping wells, 313 

Eq. 10 can be combined with Eq. 8b, providing an analytical solution for the hydraulic head in 314 

the hydrogeological setting presented above (     
                         

 315 

            ). The impact on the stream of the recharging structure and the pumping well, can 316 

also be evaluated from Eq. 5, but both are identical to the previous case (Eqs. 9a, b) because 317 

of the superposition theory. Figure 5b shows an example with a recharging area and a 318 

pumping well at 140 m from the centre of the recharging area, after 1 day and 60 days of 319 

recharging and pumping. All other parameters are the same as above (Figure 4c). 320 

 321 

4. Theoretical examples for other aquifer settings 322 

Here we explore how other line-sink solutions can consider other aquifer settings, provided 323 

that governing partial differential equations are linear. For a pumping well, a generic solution 324 

of hydraulic head is given by: 325 

                        
  

     

   
                          

             (11a) 326 

where f(xobs,yobs,t,  ,,...) is a line-sink solution, for example an existing analytical solution 327 

for a well pumping a specific unconfined aquifer defined by parameters ,,…, with 328 

QPump<0. 329 

For a rectangular recharging area—but this is applicable to all surface geometry—and 330 

assuming a uniform percolation rate, Eq. 2 can be generalized using spatial superposition 331 

method as follows: 332 

                        
  

 

   
                          

   

   

   

   

       

             (11b) 333 
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Eq. 11b may have an analytical form, or it can be evaluated numerically (e.g. by Gauss-334 

Legendre quadrature). Combined with Eq. 11a, one obtains the solution for a setting where 335 

artificial recharge takes place through a rectangular area and pumping from a well. Because of 336 

the linearization of partial differential equations, the solution is a valid for h-h0<0.5h0. In the 337 

following, no boundary condition were implemented, therefore h(±∞,y,t)= h(x,±∞,t)=h0 (or 338 

Z(±∞,y,t)=Z(x,±∞,t)=0). 339 

 340 

4.1. Solutions for partial stream penetration and a partially clogged streambed 341 

4.1.1. Hydraulic-head solution 342 

The solutions are derived from Hunt’s (1999) analytical solutions. In this conceptual model 343 

(Fig. 1c), the groundwater flux is assumed to be horizontal (Dupuit-Forchheimer assumption), 344 

the aquifer is unconfined, infinite and horizontal, and characterized by its hydraulic 345 

conductivity and storativity. This solution assumes that streambed penetration of the aquifer 346 

and dimensions of the streambed cross section are all relatively small compared to aquifer 347 

thickness, and that stream level is constant and maintained at the initial groundwater level 348 

(i.e., h0). It also assumes that the streambed is partially clogged and that a linear relationship 349 

exists between the seepage rate through the streambed and the change in hydraulic head 350 

across the semi-pervious clogging layer. 351 

4.1.2. Hydraulic-head solution 352 

Assuming the linearized form of the Boussinesq equation as in Hantush (1967), for an 353 

unconfined aquifer, and after a change of variables (see Appendix D), Hunt’s (1999) solution 354 

for hydraulic head and for a pumping well, expressed in term of Z, can be re-written as 355 

follows: 356 

                            
 

 
     

   
   

    
      

 

   
     

                        
 
     

 

   
 

 

 

    

             (12a) 357 

with   
 

  
  ; b is the stream width, b’’ the streambed thickness, k’’ the streambed hydraulic 358 

conductivity, and QPump (<0) the pumping flow-rate. Here, x=y=0 at the pumping well. Note 359 

that when 0 (i.e. impervious streambed), Eq. 12a gives Eq.1; and also when ∞ (stream 360 
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fully penetrating the aquifer), Eq. 12a gives the hydraulic-head solution for a pumping well 361 

near a stream with zero drawdown (Theis, 1941; Glover and Balmer, 1954; see also § 3.1.1.). 362 

According to the demonstration given in section 2, the hydraulic-head solution for a 363 

rectangular recharging area can be found by integrating Eq. 12a into the rectangular area 364 

(2xL×2yL). Therefore, we obtain: 365 

                            
 

 
   

  
       

       

    
      

       

    
        

       

    
      

       

    
  

 

 

  

        
                           

    
 

 

 

 

 

     
                           

    
        

       

    
 

     
       

    
        

             (12b) 366 

with x=y=0 at the centre of the recharging area. 367 

As mentioned before, this solution also assumes that the percolating water directly enters the 368 

aquifer (no vadose zone). Therefore, the sum of both Z terms, similar to Eq. 8 (     
  369 

                   ), gives the hydraulic-head solution for a rectangular recharging area 370 

and a pumping well located near a partially clogged stream. As before, the solution assumes 371 

that the decline, or rise, of the groundwater mound in case of recharging, should not exceed 372 

one-half of the initial saturated thickness (|h-h0|<0.5h0). 373 

4.1.3. Impact of recharging area and pumping well on stream flow rate 374 

According to Hunt (1999), the impact on a stream is given by: 375 

                

  

  

 

                    (13a) 376 

and can also be evaluated separately for the pumping well (Hunt, 1999) as: 377 
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             (13b) 378 

For the rectangular recharging area, an approximate solution can also be given if (d-xL)>>2xL 379 

for the impact on the stream. It takes a similar form, while replacing d-xw by d and QPump by 380 

QRech (           ) in Eq. 13b. Eq. 13a, with the appropriate solution for h, can also be 381 

used. Therefore, an approximate solution involving a recharging area and a pumping well is 382 

also found, taking a similar form as the previous cases (i.e.,               383 

          ). 384 

Figures 6a and b give computation examples of hydraulic head and impact on streamflow rate 385 

for the aquifer setting described above, with various stream leakance values (∞, 10
-4

, 5.10
-386 

5
, 10

-5
, 5.10

-6
 and 10

-6
 m/s), the stream being 10 m wide. Aquifer properties are identical to 387 

previous examples (K=10
-4

 m/s, S= 0.05, h0=12 m) and the stream is offset 300 m from the 388 

centre of the recharging area (xL=yL=40 m, R=2.96x10
-6

 m/s). The pumping well is located 389 

between the stream and the recharging area, 140 m from the centre of the latter. The 390 

recharging area and pumping well have equal injection/pumping rate (QRech=QPump=17 m
3
/h). 391 

For ∞, the hydraulic head profile and its impact on the stream are, as expected, identical to 392 

Eq. 4 (stream fully penetrating the aquifer). For lower values the clogging increases and 393 

stream-aquifer exchanges are reduced, the hydraulic head being lower near the stream. 394 

Consequently, the impact on streamflow rate is lowered and delayed as decreases (Fig. 6b). 395 

This figure also shows that the approximate solution for evaluating the impact on the stream 396 

(Eq. 13b, with                         ) is in good agreement with Eq. 13a. 397 

 398 

4.2. Solutions for a rectangular recharging area and a pumping well in a multi-aquifer system 399 

In this last case, we consider a recharging area on top of a multi-layer aquifer (Fig. 1d). The 400 

recharging area feeds an unconfined aquifer layer and pumping occurs in the deeper semi-401 

confined layer. Recharging of the top layer induces a rise in hydraulic head in the deeper 402 

layer, but pumping there induces depletion in the upper layer. The system is characterized by 403 
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an upper aquifer with hydraulic conductivity K1 and storage coefficient (or storativity) S1, and 404 

a deeper aquifer with transmissivity T2 and storage coefficient S2. The aquifers are separated 405 

by an aquitard of hydraulic conductivity k’ and thickness e’. Horizontal flow is assumed in 406 

both aquifers. The line-sink solutions for this conceptual model are extensions of the Hunt and 407 

Scott (2007) two-aquifer model.  408 

For the given example (Figs. 7a, b, c), K1=10
-4

 m/s, S1=0.05 and h0=12 m are identical to 409 

previous cases, as are T2=10
-4

 m
2
/s, S2=10

-3
 and ratio k’/e’=5x10

-7
 s

-1
. The recharging area and 410 

pumping distances are the same as before. Figures 7a and b are two examples of hydraulic-411 

head profiles at t=1 day and t=60 days in the top unconfined layer (Fig. 7a), and drawdown or 412 

rise in the deeper layer (Fig. 7b). A comparison between our solution and Hantush’s one with 413 

a pumping well (Eq. 4 with K=10
-4

 m/s, h0=12 m, S=0.05 and d∞) reveals that, near the 414 

recharging area, hydraulic heads from our solution are lower than Hantush’s. This difference 415 

stems from the percolation of water towards the deeper aquifer layer (Fig. 7b). The recharging 416 

area induces a rise of water levels in the deep aquifer of up to 0.7 m at t=1 day and up to 417 

1.1 m at t=60 days. Hydraulic heads in the top aquifer layer are impacted by the well pumping 418 

from the deeper layer; these heads are depleted by up to 0.6 m and 1.4 m after t=1 day and 60 419 

days, respectively. 420 

To evaluate the flow rate entering the deeper aquifer layer, we computed the accumulated 421 

volume that was abstracted/recharged up to a given time from/into each aquifer. This 422 

computation was done by integrating the difference in hydraulic head in the x-y plane of the 423 

top layer, multiplying this difference by the aquifer storativity, and subtracting the resulting 424 

volume from the volume of water added by recharging. Finally, a vertical drainage rate was 425 

computed for the entire system and compared to the rate stemming from the recharging area 426 

only (without pumping). 427 

In the example shown on Fig. 7c, recharging and pumping rates are identical. Drainage results 428 

not only from the recharging area (top layer) to the deeper layer, but also from pumping the 429 

deep layer (percolation from the top layer). Over longer times, the computed drainage rate 430 

(16.6 m
3
/h) almost counterbalances the pumping rate from the deeper aquifer layer 431 

(17.0 m
3
/h). However, comparing this result to the situation where there is only a recharging 432 

area (without pumping well) shows that drainage rate from the recharging area to the deeper 433 

aquifer layer is minor (0.4 m
3
/h). This shows that pumping in the deeper layer has a greater 434 

drainage effect on the top aquifer layer because of the large cone of depression induced by 435 
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pumping, than the water infiltrating from the top layer and recharging the deep aquifer. In the 436 

latter case, only a small amount of water infiltrated by the recharging basin benefits the 437 

pumping well. 438 

 439 

5. Discussion and Conclusions 440 

The integration of the line-sink solution developed for unconfined aquifers (Hantush, 1964a, 441 

b, 1965) over the surface of a recharging area is mathematically identical to the well-known 442 

solution of Hantush (1967). The latter solution allows characterizing the rise and decline of a 443 

groundwater mound in response to uniform infiltration from a rectangular basin, obtained 444 

from a linearized form of the Boussinesq equation and Laplace transform (see the text for 445 

mathematical assumptions). This is a consequence of the linearity of the partial differential 446 

equation, and implies that the principle of superposition can be used to directly implement 447 

aquifer boundaries, as earlier suggested by Hantush (1967), as well as pumping wells. 448 

Therefore, analytical solutions for hydraulic head are first proposed for two common 449 

hydrogeological settings: (i) a rectangular recharging area and a pumping well near a stream 450 

(Dirichlet’s condition), and (ii) a rectangular recharging area and a pumping well between a 451 

stream and a no-flow boundary. We show that, under steady-state conditions, the analytical 452 

solution developed for the second setting is equivalent to Bruggeman’s (1999) solution for a 453 

hydraulic-head profile resulting from recharge over an infinite strip bounded on one side by a 454 

stream and on the other side by a no-flow boundary. Therefore, a solution is proposed for the 455 

hydrogeological setting (ii) and the influence of natural recharge. 456 

We also propose transient solutions for evaluating the impact on streamflow rate of a 457 

recharging area and a pumping well. Even though, rigorously, the impact must be computed 458 

by integrating the hydraulic gradient along the stream (Eq. 5), we demonstrate that 459 

approximate solutions provide accurate results that can be used in most cases, as long as the 460 

distance from the side of the recharging area to the stream is small in comparison to the x-461 

length of the recharging area. Such approximate solutions are identical to the existing 462 

analytical solution for evaluating the impact of a pumping well on a stream (e.g., Glover and 463 

Balmer, 1954; Lelièvre, 1969), and can be combined for separately evaluating the impacts 464 

from the recharging area and the pumping well. From a practical viewpoint, these solutions 465 

can be used with any number of recharging areas and pumping wells. In the given examples, 466 

where infiltration and pumping rates are equal, equilibrium, i.e. nil impact on streamflow rate, 467 
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was not reached even after one year. This result shows that managed artificial recharge design 468 

must account for transient behaviour, and that the location of recharging areas and pumping 469 

wells must be carefully considered to avoid streamflow rate depletion, or contrarily that a 470 

significant part of the recharging water percolates straight into the stream. 471 

We also propose a generic analytical solution for modelling transient hydraulic head in more 472 

complex aquifer settings with impact on streamflow rates, based on the integration of 473 

solutions over the recharging area. This provides the possibility of using other line-sink 474 

solutions for considering other aquifer settings, provided that governing partial differential 475 

equations are linear. We first derived from Hunt (1999) a solution involving a rectangular 476 

recharging area and a pumping well near a stream (with a clogged streambed) that partially 477 

penetrates the aquifer. Our results show that the solution proposed by Hunt (1999) for 478 

evaluating the impact of a pumping well on a stream, also appears to be a good approximation 479 

for evaluating the impact of a recharging area. 480 

An example for a multi-layer aquifer, with and without a pumping well, is also given. . The 481 

solution computes hydraulic head in both layers, while recharging and pumping the upper and 482 

deeper layers, respectively. This solution allows evaluating the rise and/or decline of water 483 

levels in both layers, as well as evaluating the vertical drainage flow-rate between the upper 484 

and deeper layers. In the example shown, the impact on the deeper aquifer of the recharging 485 

area in terms of vertical drainage is lower than the impact of pumping the deeper aquifer on 486 

the near-surface layer, illustrating that only little water infiltrating from the basin really 487 

benefits the deeper aquifer. 488 

Impacts on streamflow rate are given for the whole stream, but it may be of interest to 489 

evaluate it over a particular length. This can be achieved with Eq. 5 or Eq. 13a while 490 

integrating solutions for the appropriate interval. The total volume of stream depletion or rise 491 

over a certain time, can be evaluated by integrating the flow-rate solution over that period. 492 

Analytical solutions for the cases presented on Figures 2 and 3 can be found, e.g., in Hantush 493 

(1965) and Lelièvre (1969). We also consider that other existing analytical solutions, obtained 494 

for stream depletion created by a well on other aquifer settings (e.g. Hunt, 2014), may be 495 

valid approximate solutions for evaluating the impact of recharging areas. 496 

Recharging or pumping-rate variations, not considered here, can also be incorporated using 497 

the principle of superposition on Z terms (e.g. Hantush, 1967). The solutions developed here 498 

are applicable when the rise or decline in the unconfined aquifer is less than one-half of the 499 
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initial saturated aquifer thickness (|h-h0|<0.5h0, h0 being the initial hydraulic head). However, 500 

investigations by Marino (1967) with similar analytical expressions showed that they give 501 

good results, even when the water table rise is much larger than the initial saturated thickness. 502 

This is consistent with the trials presented in Appendix C. Finally, the proposed solutions 503 

assume that the percolating water directly enters the aquifer. Extensions to account for non-504 

instantaneous drainage from the vadose zone above the water table could be considered using 505 

Moench’s (1996) solution. 506 

In conclusion, the generic solution proposed above develops valid solutions for any surface 507 

geometry, not necessarily rectangular or circular, and for aquifer boundaries that are not 508 

necessarily parallel or at right angle to the basin geometry. In addition, the solution helps 509 

testing a large panel of hydrogeological settings, including a stream flowing on the top layer 510 

of a multi-layer aquifer that is recharged and pumped (with the solutions of Hunt, 2009), or 511 

where only the deep layer is pumped (Ward and Lough, 2011), or an aquifer that is recharged 512 

and where pumping takes place through a fracture (Dewandel et al., 2018). Future works 513 

should also focus on unconfined and anisotropic aquifers, with the problem that in this case 514 

hydraulic head depends on depth (Neuman, 1975). 515 
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APPENDICES 659 

Appendix A. 660 

A-1. Groundwater flow of groundwater mounding for a rectangular basin with a uniform 661 

percolation rate (Fig.2) is defined by the following nonlinear Boussinesq equation: 662 

 

  
   

  

  
  

 

  
   

  

  
     

  

  
         A-1 663 

With K the hydraulic conductivity of the aquifer, S the aquifer storativity and R the recharging 664 

rate. 665 

Boundary conditions are            ;                        666 

Defining        
 
, and assuming a homogeneous and isotropic aquifer (K=constant), 667 

Hantush (1967) obtained the following approximate partial differential equation: 668 

   

   
 

   

   
 

  

 
 

 

 

  

  
          A-2 669 

with h-h0<0.5h0,   
   

 
,    is a constant of linearization    

 

 
       . 670 

Boundary conditions:           ;                      ; 
         

  
 

         

  
   671 

 672 

A-2. Hantush’s approximate partial differential equation for a well pumping an unconfined, 673 

infinite and horizontal aquifer (Hantush, 1964, 1965). 674 

   

   
 

   

   
 

 

 

  

  
           A-3 675 

       
 
, with h0-h<0.5h0 676 

Boundary conditions: 677 

          ;                      ;        
  

  
 

     

  
 678 

QPump is the pumping rate (<0) and r the distance to the pumping well. 679 

 680 

Appendix B. 681 

Integration of Eq.  1 into a rectangular surface of lengths 2xL×2yL and considering that the 682 

recharging rate, R, is uniformly distributed on the rectangular recharging area (2xL×2yL), i.e. 683 

  
     

     
, Eq.2 becomes: 684 

                        
  

 

   
    

        
          

 

   
 

   

   

   

   

       

            B-1 685 
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Then, because of the properties of exponential integrals [  
 

 
   

   

 
    

     

 
  

 

 

 

   
], 686 

it follows 687 

                   
 

   
   

 
         

          
 

   
  

 

 

 

   

   

       

   

   

  

            B-2 688 

According to the Fubini theorem (i.e. t, x and y are independent variables), the order of 689 

integration can be inverted, resulting in: 690 

                   
 

   
  

 
         

 

   

  

   

   

   
 
         

 

   

  

   

   

 

 

      

              (a)       (b)     B-3 691 

 692 

Performing a change of variable   
        

    
, the (a) term in Eq. B-3 can be rewritten as: 693 

 
 
         

 

   

  

   

   

           
 
  

              

               

 

            B-4 694 

The right part in Eq. B-4 can be separated into two terms related to the Erf function 695 

[    
 
   

  

 

 

 
         

  
  

 
               ], therefore: 696 

        
 
  

              

               

         
       

    
      

       

    
   

            B-5 697 

Changing the variable    
        

    
 on term (b) in Eq. B-3, and using the same procedure as 698 

described before, the (b) term can be rewritten  699 

 
 
         

 

   

  

   

   

           
 
 
  

   

    
      

 
 
  

   

    
   

            B-6 700 
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Finally, combining equations B-5 and B-6, and since   
   

 
, we obtain: 701 

                        
 

   
   

  
      

       

    
      

       

    
          

       

    
      

       

    
    

 

 

 

            B-7 702 

Equation B-7 demonstrates that the well solution for an unconfined and isotropic aquifer 703 

(Hantush, 1964a, 1965) integrated into a rectangular plane is exactly the same as Hantush’s 704 

analytical solution for a rectangular recharging area with a uniform distribution of the 705 

recharge flux (Eq. 13 in Hantush, 1967). 706 

 707 

Appendix C. 708 

The hydraulic-head solution for a rectangular recharging area and a pumping well between 709 

two parallel boundaries (constant head or no-flow boundary). 710 

xw and yw: coordinates of the pumping well, d: the distance between the centre of the 711 

recharging area and the stream. 2L is the distance between both limits. x=y=0 at the centre of 712 

the recharging area.   
   

 
. Below are presented the general solutions for hydraulic head 713 

between two parallel limits; b and c are coefficients, b or c=1 for a no-flow boundary, and b 714 

or c=-1 for is a constant-head boundary (Dirichlet’s condition). 715 

 716 

 717 

 718 

 719 

 720 

 721 

 722 

 723 

 724 
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Term for the pumping well: 725 

                               
 

 
 

   
   

         
           

 

   
 

               
                

           
 

   
 

 

         

            
              

           
 

   
 

 

       

            
             

           
 

   
 

 

       

               
                 

           
 

   
 

 

       

  

                Eq. C-1 726 

 727 

Term for the rectangular recharging area: 728 

           
                   

 

 
   

  
       

       

    
      

       

    
        

       

    
      

       

    
    

 

 

                   
              

    
      

              

    
  

 

 

 

         

      
       

    
      

       

    
    

          

 

       

      
           

    
      

           

    
  

 

 

      
       

    
      

       

    
    

          

 

       

      
            

    
      

           

    
  

 

 

      
       

    
      

       

    
    

            

 

       

      
               

    
      

              

    
  

 

 

      
       

    
      

       

    
      

                 Eq. C-2 729 

The graph below compares the solution Eq. C-2 with b=-1, c=1, 2xL=2L, d=L, yL∞ and 730 

t∞, to Bruggeman’s steady-state solution (1999; sol. 21.11, p.24). This case corresponds to 731 

the hydraulic-head profile caused by recharge from precipitation (R) through an infinite strip 732 

of width 2L bounded on one side by a stream and on the other by a no-flow boundary. Aquifer 733 

parameters are: K=10
-4

 m/s, S=0.05, 2L=800 m, R=1.27x10
-8

 m/s (or 400 mm/year), and h0 734 
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varying from 1.5 to 12 m. The insert shows standardized Root Mean Square Error values 735 

(RMSE-D) for the five cases. 736 

 737 

Appendix D. 738 

The hydraulic-head solution for a pumping well near a stream with a partially clogged 739 

streambed that partially penetrates the aquifer (Hunt, 1999), modified for an unconfined 740 

condition (linearized Boussinesq solution as in Hantush 1967) is: 741 

                            
 

 
     

   
   

    
      

 

   
        

                    
 
     

 

   
 

 

 

    

             Eq. D-1 742 

with   
 

  
  ; b: stream width, b’’: streambed thickness and k’’: streambed hydraulic 743 

conductivity. 744 

The right part of Eq. D-1 can be rearranged with the following change of variable 745 

         then   
 

 
   ; Ln= natural logarithm. 746 

Then Eq. D-1 becomes: 747 
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Figure captions 750 

Figure 1. Conceptual models of the theoretical examples presented. a) Recharging and 751 

pumping an isotropic aquifer near a stream (Dirichlet’s condition). b) Recharging and 752 

pumping an isotropic aquifer limited in space by a stream (Dirichlet’s condition) and a no-753 

flow boundary (strip aquifer), with and without the influence of natural recharge. c) 754 

Recharging and pumping an aquifer near a stream with a clogged streambed that partially 755 

penetrates the aquifer. d) Recharging an unconfined and isotropic top layer aquifer and 756 

pumping a bottom semi-confined aquifer. 757 

 758 

Figure 2. Definition sketch (plan and section views) of the Hantush’s (1967) conceptual 759 

model of groundwater mounding from a rectangular recharging area. 760 

Figure 3. Definition sketch of: a) recharging and pumping an isotropic aquifer near a stream, 761 

b) recharging and pumping an isotropic aquifer limited in space by a stream (Dirichlet’s 762 

condition) and a no-flow boundary (strip aquifer). Similar to Figs. 1a and b. 763 

 764 

Figure 4. Hydraulic-head profiles after 60 days (a and c), and impacts on streamflow rate (b 765 

and d; <0: decrease of streamflow rate and >0: increase). a) and b) Recharging and pumping 766 

an isotropic aquifer near a stream (refer to Figs. 1a and 3a). c) and d) Recharging and 767 

pumping an isotropic aquifer limited in space by a river and a no-flow boundary (strip aquifer, 768 

refer to Figs. 1b and 3b). K=10
-4

 m/s, S= 0.05, h0=12 m, xL=yL=40 m, R=2.96x10
-6

 m/s and 769 

QPump=17 m
3
/h. 770 

 771 

Figure 5. Recharging and pumping an isotropic aquifer limited in space by a stream and a no-772 

flow boundary (strip aquifer) with the influence of natural recharge, hydraulic head profiles. 773 

a) Without pumping, in this case the solution is identical Bruggeman (1999) solution 774 

(standardized RMSE=2.22x10
-5

 m). b) With a recharging area and a pumping well at 140 m 775 

from the centre of the recharging area after 1 day and 60 days of recharging and pumping. 776 

K=10
-4

 m/s, S= 0.05, h0=12 m, xL=yL=40 m, R=2.96x10
-6

 m/s, QPump=17 m
3
/h and 777 

RNatRech=1.27x10
-8

 m/s. 778 

 779 

Figure 6. Recharging and pumping an isotropic aquifer near a stream that partially penetrates 780 

the aquifer with clogged streambed (Fig. 1c). a) Hydraulic head profile after 60 days. b) 781 
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Impact on streamflow rate, for various stream-leakance coefficients (∞, 10
-4

, 5.10
-5

, 10
-5

, 782 

5.10
-6

 and 10
-6

 m/s). Stream width: 10 m, K=10
-4

 m/s, S= 0.05, h0=12 m, xL=yL=40 m, 783 

R=2.96x10
-6

 m/s and QPump=17 m
3
/h. 784 

 785 

Figure 7. Multi-aquifer system, recharging the top aquifer and pumping the deepest one. a) 786 

Hydraulic-head profiles in the upper aquifer and b) drawdown of water level in the deeper 787 

aquifer after 1 day and 60 days. c) Total drainage flow-rate induced by the recharging area 788 

and by the pumping well, compared to the case with the recharging area only (without 789 

pumping well). K1=10
-4

 m/s, S1=0.05, h0=12 m, T2=10
-4

 m
2
/s, S2=10

-3
, k’/e’=5x10

-7
 m

2
/s, 790 

xL=yL=40 m, R=2.96x10
-6

 m/s and QPump=17 m
3
/h. 791 

 792 

  793 
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 794 
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d)Fig.1

Stream
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 795 

 796 

 797 

Fig.2

Fig.3

a)

b)

   , ± ,   =  0  

   , ± ,   =  0  
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